OPERATOR SPACES AND ARAKI-WOODS FACTORS 
A QUANTUM PROBABILISTIC APPROACH - 

M. JUNGE* 

Abstract. We show that the operator Hilbert space OH introduced by Pisier embeds into the 
predual of the hyerfinite IIIi factor. The main new tool is a Khintchine type inequality for 
the generators of the CAR algebra with respect to a quasi-free state. Our approach yields a 
Khintchine type inequality for the q-gaussian variables for all values — 1 < q < 1. These results 
are closely related to recent results of Pisier and Shlyakhtenko in the free case. 
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0. Introduction and Notation 

Probabilistic methods play an important role in the theory of operator algebras and Banach 
spaces. It is not surprising that a quantized theory of Banach spaces will require tools from 
quantum probability. This connection between noncommutative probability and the recent 
theory of operator spaces (sometimes called quantized Banach spaces) is well-established through 
the work of Haagerup, Pisier HP and the general theory of Khintchine type inequalities by Lust- 
Piquard |LPj . Lust-Piquard and Pisier |LPPj . The importance of type III von Neumann algebras 
in this line of research was discovered only recently through the work of Pisier /Shlyahtenko |PSj 
on Grothendieck's theorem for operator spaces and in |J3j . Both papers make essential use of 
the theory of free probability. It is well-known that in free probability theory some probabilistic 
estimates, classically only valid for p < do, hold even for p = oo. For example this holds for 
Biane/Speicher's BS work on stochastic process and Voiculescu's inequality for sums of free 
random variables j Voij ). In this paper we prove norm estimates for the sum of independent copies 
in noncommutative L\ spaces in a quite general setting. This includes free random variables as 
in |J3j and also classical commuting or anti-commuting random variables. Using a central limit 
procedure, similar as in |J3j . we derive Khintchine type inequalities for the classical Araki-Wood 
factors. Although our results are motivated by the theory of operator spaces, the techniques 
used in the proof are (quantum) probabilistic in nature. 



* The author is partially supported by the National Science Foundation Foundation DMS-0301116 and DMS 
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Let us fix the notation required to state the main inequality of this paper. Let us assume 
that we have an inclusion of von Neumann algebras M C A, B C M and that E : Ai — > M is a 
faithful normal conditional expectation. Then A, B are called independent over M (better over 
E) if 

E{ab) = E{a)E(b) 

holds for all a 6 A and b £ B. Let us now assume that M C M\, M n C N are von Neumann 
subalgebras. Then (Mi) is called (increasingly) independent if Mj is independent of the von 
Neumann algebra generated by Mi, Mj_i over M. This definition is due to Schurmann. 

Our main inequality is an inequality for independent copies, allowing matrix valued coeffi- 
cients. Let us therefore assume that M C M and a% : M — > J\f are faithful homomorphisms such 
that Oi|m = id. We say that (M, M, a%, ...,a n ,M, E) is a system of independent top- sub symmetric 
copies if the (Mj)'s are independent and 

E(a ii (ax) ■ ■ ■ a im (a m )) = E(a h (a x ) ■ ■ ■ a jm (a m )) 

holds for all ai, a m € M, and all functions 1 : {1, .., m} — > {1, n}, j : {1, ..,m} — > {1, n} 
such that i|{i i .. i m}\A = ]\{i,.., m }\Ai A has at most 2 elements, such that k £ A implies 

i k = max{ii,...,i m } , j k = max{ji, j m } . 

This means we are allowed to exchange at most two top values. In our applications we have 
often have much stronger assumptions, for example for free or independent copies. We say that 
such a system is conditioned if there is a faithful normal state (ft on N such that <j) o E = <j) and 

4(ai{M)) C ai (M) 

holds for all i = l,...,n. This allows us to extends the maps cq to all L p spaces. Our main 
inequality is an estimate for sums of independent copies in L\: 

Theorem 0.1. Let (M, M, a\, a n , M, E) be a system of independent, conditioned top-sub- 
symmetric copies. Then 

n 

E||y)e fc a fc (x)||i~ inf n\\ Xl \\i + ^\\E(x* 2 x 2 ) 1/2 \\i + ^||£(z 3 ^) 1/2 ||i . 

k=l 

Here [£k)k=i ^ s a sequence of independent Bernoulli variables with Prob(efc = ±1) = |. We 
will use the symbol a ~ b if there exists an absolute constant c > such that c~ 1 a < b < ca (of 
course independent of x in the theorem above). For non-tracial von Neumann algebras which 
occur in the context of free probability, we work with Haagerup's L\ spaces and the 'natural' 
extension of at and E to these spaces (see e.g. [JJ, jJXlp . We may replace by £k®Vk where 
Vk are unitaries. This is important in the context of Speicher's |Spe| interpolation technique for 
^-commutation relations. 

An essential ingredient in our proof of Theorem 10. II is the noncommutative Khintchine in- 
equality due to Lust-Piquard and Pisier |LPPj : 

n n n 

* — ' xi r =ci r +di, L — ' £ — ' 

fe=l fc=l fe=l 

Our passage from three terms above to two terms uses the central limit theorem. Given a se- 
quence (xfc) of classical independent copies, the central limit theorem tells us that n -1 / 2 YHk=i x k 
converges to a gaussian variable. Central limit theorems in quantum probability have a long 



OPERATOR SPACES AND ARAKI-WOODS FACTORS 



3 



and impressive tradition starting with the work of Cushen/Hudson and |CHj . see also Hudsen 
|Hudj . von Waldenfels |vWj . Giri/von Waldenfels |GvWj . Cockroft, Gudder and Hudsen CGH , 
Quaegebeur Qua| and Hegerfeldt |Heg| among many others. Our interest in the central limit 



theorem is two- fold. First, we consider limits of the form 



V n. 

k=l 



Ff n 

W — ® TTk(x) 



where 7T/% : N — > N® n is the homomorphism which sends iV in the A;-th component and the 
ut S M2« are unitaries satisfying the CAR-relations u k Uj = —UjUk- Let ip be a state on A 7 ', and 
T n be the normalized trace on M2«. Using the classical combinatorial approach, we see that 
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(0.1) lim(T n ®i>®"){u n {x 1 )---u n (x m ))= (-^) I(cj) \{iT^){x H x n ) . 

<r={{h ji} {«m ,j2n}}eP 2 (m) 1 = 1 

Here P2(m) stands for the set of pair partitions of {1, to} and 1(a) for the number of inversions. 
Using Speicher's trick it is not difficult to replace (—1) by any q, —1 < q < 1. For q = 1 we see 
that algebraically the formal limit object u^^x) satisfies 

[uoo(x),Uoo(y)] = Tip([x,y]) . 

A suitable change of variables yields the classical commutation relations. One problem in our 
paper is to associate with the limit object Uoo(x) a selfadjoint operator affiliated to a suitable 
von Neumann algebra. This is achieved using ultraproducts of von Neumann algebras and the 
fundamental work of Raynaud Ray| (see section 4). The reader might object that generators 



for the CAR algebra are already bounded and hence there is no need for this ultraproduct 
procedure. This is where the second interest in the central limit procedure becomes apparent. 
We also want to guarantee that the norm estimates from Theorem 10 . 1 1 hold for the limit object 
in L\. This requires extra knowledge on the action of the modular group and adds technical 
difficulties to this paper. Moreover, our approach works uniformly for all — 1 < q < 1. In fact we 
find a simultaneous realization of all the ^-commutation relations (which seems to be new). Note 
that for q = 1 the limit objects are classical gaussian variables which are indeed unbounded. In 
section 2 we establish the combinatorial aspect of the central limit theorem. The connection 
to the classical CAR and CCR relations and the Araki- Woods factors is established in section 
3. In section 5 we prove a noncommutative version of the Hamburger moment problem which 
allows us to identify von Neumann algebras using combinatorial information as in (|0.1|) . The 
proof of Theorem 10. II is contained in section 6. Combining these results in section 7 we obtain 
a Khintchine type inequality for quasi-free states. More precisely, we consider the CAR-algebra 
A generated by a sequence (at) sequence satisfying the canonical anti-commutation relations 

a k aj + cija k = , Ofea* + a*cik = dkj ■ 

A quasi free state ^ is characterized by 

r 

(0.2) <f>ix(a* r ® • • • o*i ® Oji ® • • • <8) OjJ = S r>s S^j^ 

i=i 

for all increasing sequences i\ < ii < • ■ ■ < i r and ji < i% < • • • < j s . Let us also recall the usual 
notation x.(p(y) = 4>(xy). The Khintchine inequality for quasi- free states reads as follows: 
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Theorem 0.2. Let (x k ) C M m be matrices. Then 

|| Vxfcir ®a k .</>» || ( Mm ®.4)* ~ inf ir (( V /x fc 4c fc ) 1/2 ) - Mfc 44) 1/2 ) • 

^ Xfe = c k +d k \ J \ k ^ k ' 

Analogous results hold for all — 1 < q < 1. The case q = in Theorem lU.2l in this form follows 
from |Ps2j but main ideas are already contained in |PS| and somehow independently in |J3j . 
Using techniques from |J3j, we deduce from Theorem IU . 21 formulas for 

|| ^c kj a k 4®aj.(j)\\ (a®A)* ■ 

k 

This leads to a four term infimum. We refer to section 8 for the precise formula which is slightly 
involved. At the time of this writing a proof seems impossible without using free probability. 
We conclude the paper with an application to the theory of operator spaces. Only in section 8 
we require the reader to have some background in operator spaces theory. Indeed, the reader 
familiar with the theory of operator spaces recognizes immediately that Theorem IU.2I is a result 
on the operator space structure of span(afc.^ A1 ). Let us recall the definition of the column space 
C = spanjefci : k £ N} and the row space R = spanjei^ : k € N} as subspaces of the compact 
operators /C^)- An operator space comes either with a concrete embedding l : X — » B(H) or 
with a sequence (|| || m ) of norms on (M m (X)) satisfying Ruan's axioms (see jER] or |Pslj for 
more information on operator spaces). Ruan's theorem tells us that if these axioms are satisfied, 
then there is an embedding l : X — » B{H) such that 

llkfcz]||M m (X) = W{x k i)]\\m m {B{H)) ■ 

The theory of operator spaces is closed under taking subspaces, dual spaces and quotient spaces. 
For example the sequence of matrix norms on X/Y defined by 

II [%ki + Y] \\ Mm (x/Y) = inf || [x k i - yu] \\m m (Y) 

Vki&A m (Y) 

satisfies Ruan's axioms. The isomorphism in this category are those maps which control uni- 
formly all matrix norms, i.e. maps u : X — > Y such that ||w|| c fe||' u_1 llcb is finite. Here the cb-norm 
is defined as 

IMU = sup ||id Mm ® u : M m (X) -> M m (Y)|| . 

m 

The following application to the theory of operator spaces is proved in section 8. 

Corollary 0.3. Let Q be a quotient of R®C . Then Q embeds completely isomorphically into the 
predual of the hyperfinite factor, < A < 1 . In particular, the operator space OH completely 
embeds into the predual of the factor. 

Combining this application with the results in |PSj , we obtain an analogue of Grothendieck's 
characterization of Hilbert spaces (see Corollarv l8.8|) . The connection between quotients of R®C 
and the classical Araki-Wood factors is very tight. Both objects are essentially determined by 
the graph of an unbounded operator on £2, indeed it suffices to consider diagonal operators on 
£2- Retrospectively, it seems that the Araki-Wood factors constructed from CAR-relations are a 
perfect fit for quotients of i?©C-an interesting connection to operator space theory. We refer to 
|JX2j for Khintchine inequalities for the CAR generators in L p . At the moment the result holds 
for p = 1 and p > 1, but the known constants c p are not bounded as p — ► 1. It is an open problem 
how to close this gap. At the end of section 8 we construct a completely isomorphic embeddings 
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of OH n in the Brown algebra B™, the universal algebra of coefficients of an m x m unitary. 
Brown algebras have been introduced in the context of K-theory by |Broj and can be understood 
as noncommutative analogues of the full C*-algebra of the free group. For an embedding of the 
infinite dimensional OH we have to use a suitable direct limit of the Brown algebras. These 
result could be considered as a first step towards constructing a 'concrete' embedding of the 
operator space OH, a problem which remains open. 

I owe special thanks to Quanhua Xu for many clarifying discussions on this topic and for 
insisting on a formulation with the CAR generators. I would also like to thank Eric Ricard for 
fruitful discussions and Anthony Yew for reading several versions of this paper. 

1. Preliminaries 

We use standard notation in operator algebras |TaklllTaEfllTak3j . [KRTIIKR21 and [StrllgZ] . 
We refer to |KR| and |Pslj for standard references on operator spaces. The relevant information 
on the projective tensor product for noncommutative L\ spaces can also be found in [J3]. Let us 
recall very briefly some facts about Haagerup's L p spaces associated to a von Neumann algebra 
N. Let (f> be a normal faithful weight with modular group af. We obtain a representation tt 
of N on the Hilbert space L2(N,(p), the completion of N with respect to the scalar product 

(x,y) = 6(x*y). On the crossed product N x 4, R there exists a unique trace r such that the 

°t 

dual action 9 S satisfies t(O s (x)) = e~ s r(x) for all x in the positive cone of N x 4, R. Haagerup's 
space L p (N) = L p (N, <j)) is defined as the space of r measurable operators x affiliated to N x^R 

such that 8 s (x) = e~ s ^ p x. L p (N) is a left and right N module. On the space L\(N) Haagerup 
defines a unique linear functional tr : L\(N) — ► C such that 

tr(Dy) = tr(yD) 

holds for all y £ N and D £ L\(N). This functional defines a one-to-one (linear) correspondence 
between the predual TV* and Li(N) given by 4>D{y) = tr(xy). We call the operator D the density 
of <j). The norm in L p {N) is defined by 

IMIp = [MM p )] p • 

It is important to note for x £ L p (N) the polar decomposition x = u\x\ satisfies u £ N and 
|x| £ L p {N). L p {N) is a Banach space for 1 < p < 00 and p-normed for < p < 1. We refer 
to |Terj for proofs and more information. Let us consider a further semifinite von Neumann 
algebra M with trace r. Then r <g> cf> is a normal faithful weight on the tensor product M(&N . 
Using of®^ = 1 (8) af we may identify (M®N) x^^ R and M®(N x^ R). This implies that 
for a £ L p (M) and x £ L p (N) we have x <S> a £ L p (M®N). Moreover, the tracial functional 
satisfies 

trM®N = t® tr N . 

An easy application of Kaplansky's density theorem shows that L P {M) <g> L p {N) is a dense 
subspace of L p {M®N). For more information on tensor products of noncommutative L p spaces 
in the non-tracial case we refer to |.T2j . 

The natural operator space structure on L\(N) is inherited from N° p . Let us recall that N op 
is the von Neumann algebra N equipped with the reverse multiplication x o y = yx. Since N 
and N op coincide as Banach spaces, the same holds true for N* and N° p . In particular, the 
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mapping t : Li(N) — > N op , i(x)(y) = tr(xy) is well-defined. As explained in |.TR| and [JH1) the 
advantage of this embedding is the equality 



(1.1) 



Li(M) ® Li(JV) = Li(M®N) 



which holds for all von Neumann algebras M. We will also frequently use the following results 
of Effros and Ruan (see |EE,j ) 

(1.2) (AT, ® N*)* = M®N . 

Let us consider the special case M = B(£%). Then, we see by complementation that 



^2 eki ® Xk 




^2 efci <8> x fc 




C^2x* k X k )2 




k 




fc 


Li(B(^ 2 )®iV) 


k 


Li(N) 



On the other hand, we deduce from (|1.1|) that 



^2 eik <8> x k 

k 



sup 



mL!(N) 



\u:R^ N op \\ cb < 1 



(^2 eik ®x k ,u) 

k J 

SU P{I ^2 tr ( x kVk)\ ■ II ^2y*k ° yjfcll < 1} = sup{|^V(y fc aj fc )| : || ^y^H < 1} 
\\(%2x* k x k )2\\ Ll{N) . 



This means that the column space in S± = Li(B(i2,tr)) carries the operator space structure of 
the row space in B{l-i). 

At the end of these preliminaries we recall the definition of the operator space OH. This 
space is obtained from C and R by complex interpolation. On the matrix level we have 

M m (OH) = [M m (C)M m {R)h ■ 

2 

Let (e k ) be the canonical basis of OH. Then 



y^x k ®e k 




^2 X k ® x k 


k 


M m (OH) 


k 



Here B(H) = B(H). In many aspects the operator space OH is the appropriate analogue of 
£2 in the category of operator spaces. We refer to |Pslj for more details and information. For 

general Hilbert spaces we use the notations H c = B(C, H), H r = B(H, C) and H oh = [H c , H r ]i. 

2 

2. The algebraic central limit theorem 

Due to the work of Hudson/Parthasarathy |HPj . von Waldenfels |vWj and Hegerfeldt |Heg| it 
is well-known that the central limit theorem applies for CCR and CAR relations. More recently 
Speicher developed an approach which applies to the ^-commutation relations as well. We will 
apply Speicher 's approach using the data given by a von Neumann algebra N and a weight. We 
will first start with a normal faithful state ip on N . For fixed n G N, we consider the n-fold 
tensor product N n = N® n and the faithful normal state (f) n = ip® n on N n . Let us denote by 
ir k : N —* TV®" the homomorphism which sends N into the k-th copy 

ir k (x) = 1® ■■■iS) ^x^ 8)1 ® ■ • • ® 1 . 

k-th position 
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As an additional reservoir we consider a finite von Neumann algebra M2™ with normalized trace 
T n and selfadjont contractions vi(n), v n (n). Let T be an additional scaling factor. Then we 
consider the new random variable 




We need some further notation to formulate the central limit procedure. Let A C {1, m} and 
xi, ■■■,x m be elements in N. Then we use 

ifj A [xi,...,x m ] = ip(Y[xi) 
ieA 

for the evaluation of ip of the ordered product YiieA x * ar i sm g horn those indices which are in 
A. Let cr = {A\, ...,A r } be a partition of {1, ...,m}. Then the multiplicative extension of tp is 
defined as 

r 

Vv[zi,....,z m ] = U^aJzi,....^] . 

J'=l 

We denote by P{m) the collection of all partitions of {1, ...,m} and by P2{m) the set of pair 
partitions. For an element (k\, k m ) £ {1, ...,n} m , we use the notation (fei, fe m ) < cr if 

fc, = fc; 44> 3 i<j< r {i, /} C A,- . 

A rather general form of the central limit theorem may be formulated as follows. (The special 
cases discussed below are well-known). Let us recall that for an ultranlter U on an index set I 
the limit lim^ ai = a holds if for every e > the set {i : |oj — a\ < e} € W. 

Lemma 2.1. Lei V a state. Let (vk(n))k=i,..n be contractions such that the singleton condition 
is satisfied: 

(2-1) r n (v kl (n)---v km (n)) = 

holds whenever one of the variables ki,...,k m occurs only once. Let U be a free ultrafilter on N 
and 

(2.2) /3(a) = limn- t r„(« fcl (n) ■ • • « fcm (n)) . 

(fcl,....,fe m )<o- 

Let x\, x m £ N. Then 

YrniT n ®i)® n (u n , T {xi)- ■ -Un^iXrn)) = V] (3{a){T^)) a [xi, x m ] . 
n,U ' 

aeP2(m) 

Proof. Let a = {Ai, ...,A r } be a partition of {1, ...,m} and n € N. Now, we may develop the 
terms 

T n (g) V®" {u n ,T{x\) ■ ■ ■ U nyT {x m )) 
n 

T »("ki( n ) • • • v k m {n))ip® n {K kl { x i) ■ ■ ■ Kk m {x m )) 

h\ , — ,/Cm.— 1 

Xl, x m \ . 

creP(m) (fei,....,fe m )<(T 
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Let us fix a partition a and perform the limit for n along the ultrafilter U. The singleton 
condition (|2.1|) implies that only partitions where all the subsets have cardinality bigger than 2 
provide a non-trivial contribution. In particular, it suffices to consider partitions with cardinality 
\a\ < m/2. Since the i>/c(n)'s are assumed to be contractions, we deduce from the Cauchy- 
Schwarz inequality that 

m— 1 

(2.3) \T n (v kl (n) ■ ■ ■ v km (n))\<T n (v kl (n)v kl (n)*)2 JJ ||%(n)||oor n (t; fcm (n)*w fcm (n)*)2 <1. 

3=2 

Since there are at most n(n — 1) • • • (n — r+1) many tuples (k\, k m ) such that (k\, k m ) < a, 
we deduce for r < ^ that 

limn-T V r n (t; fcl ••■u fcra ) = . 

n,U *■ — » 

(fcl,....,fc m )<<7 

Therefore only the pair partitions with \a\ = y provide a non-trivial contribution /3(cr). ■ 

Remark 2.2. The additional parameter T will be used later for strictly semifinite weights. We 
refer to |ABj for representation of arbitrary selfadjoint random variables represented with pair 
partitions. 

In the next section it will be important to analyze a growth condition for central limits. 
Corollary 2.3. For x £ N we use the length function 

\x\ = max{(Tip(x*x))^, (Tip(xx*))^ , {{x^} . 
Let xi, x m £ N. Then 

m 

\r n <g> (uti,t{xi) ■ ■ ■ u ntT {x m ))\ < m~?Y[\xi\. 

8=1 

holds for all n £ N. 

Proof. According to the proof of Lemma 12.11 we have 

veP„ s (m) (k 1 ,...,k m )<a,\u\<f 

Here P ns (m) stand for partitions not containing singletons. For fixed a, we deduce from 1)2,31) 
and the fact that there are n ■ ■ ■ (n — |<r| + 1) many tuples satisfying (fci, k m ) < a that 

_m ^-^ , ... n • • • (n — \<j\ + 1) 
n 2 > \Tn{v kl (n) ■ ■ ■ v km (n))\ < s < 1. 

' ■ ^ 2 

(fcl,...,fc m )<CT 

The Cauchy-Schwarz inequality implies 

r 

I (TV) (2/1 •••yr) I < ((T^)(in^)5((r^)(^...^ Ife ...y r )3 < JJ| y< |. 

i=l 

This implies |(Tty)^ [xi, sc m ]| < ILeAj \ x i\ f° r I A? I — 2. Thus we have 

m 

|(r^) CT [xi 3 ...,a; TO ]| < 

i=l 
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for partitions without singletons. Combining these estimates we get 

m 

\r n ® i>® n (u n (xi) ■ ■ ■ u n (x m ))\ < ^2 J~[\ x i\ ■ 

aeP(m),\a\<f i=1 

Finally, we note that there are not more than m~ partitions a with \o~\ < ■ 

Before we discuss concrete examples let us indicate how these estimates remain valid in the 
context of weights. We recall that a function tp : N + —* [0, oo] is called an n.s.f. weight if 
n.) ip(sup i Xi) = sup i ip(xi) holds for every increasing net (xj) of positive elements; 
s.) For every < x one has ij){x) = svPo< y < x ,i,(y) <00 ^(.v)- 
f.) ip(x) = implies x = 0. 
For a weight ip we may define = {x S N : ip(x*x) < oo}. We use the notation rf, = {x £ N : 
ip{xx*) < oo} and (x,y)^ = ip(x*y). The completion of with respect to the inner product 
norm is denoted by L2(N,ip). It is well-known that ip extends to a linear functional on ri^n^, 
see |Strj for details. 

Example 2.4. Let (fj) be a net of mutually orthogonal projections which sum up to the 
identity, i.e. Y2j fj = 1- Let (ipj) be a family of normal faithful states on fjNfj. Then 
4>(x) = Y2j ^{fj x fj) defines an n.s.f. weight. 

The example in 12.41 is the prototype of a strictly semifinite normal faithful weight. A weight 
tp is called strictly semifinite if there exists an increasing net (ej) of projections in the centralizer 
converging strongly to 1 and such that ip(ei) < oo holds for all i. We recall that an element 
x belongs to the centralizer if the modular group af with respect to ip satisfies <rf(x) = x 
for all t E R. In the example above the index set is the collection -P<k (-0 of all finite subsets of 
/ and the increasing family of projections is given by ej = fj- We will use the following 

well-known lemma for a strictly semifinite weight with invariant projections (ej). The proof 
follows immediately from the fact that xei and e^x converges in L2(N,ip) to x. To show the 
convergence of linijxej = x, we use standard modular theory, S(x) = x* , S = JAa and observe 
that 

(2.4) x*a = (eix)* = JA^(eix) = Je^A^x = JeiJx* 

holds for all analytic elements x £ n^Dn^ and all i. 

Lemma 2.5. Let ip be a strictly semifinite faithful normal weight and {ej) as above. Then 

ifj(xx---x m ) = limip(eiXiei- ■ ■ eiX m ei) 

i 

holds for all x%, x m S n^Cin^. 

In this purely algebraic setting it is very convenient to use the algebraic notion of a tensor 
algebra 

oo 

A(V) = V® n 

n=0 

of a vector space V. The formal multiplication is obtained by linear extension of 

(v\ (8) • • • <g) v r ) x (v r+ i (g> • • • (8) v m ) = v\ <g> • • • ® v r <g) v r+ i (8) • ■ ■ <g> v m . 

The words of length 0, V° = C (or V° = R), correspond to the multiples of the identity. In our 
context we apply this to V = C\n%. 
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Corollary 2.6. Let tp be a strictly semifinite weight and (ej)j e / as above. Let W be a free 
ultrafilter on I and x\, ■■■,x m G n n*^. Then the function 

ib 

(j>(xi (8) ••• <8>x m ) = limlimr n <8 (— ^— )® n (u n ^ (ej )(e i xie j ) • • • u n ^ e .){ejX m ej)) 
extends to a linear functional on the tensor algebra A{n^ flnj) and satisfies 

(2.5) (b(xx (8 • • • <8 x m ) = ^2 P(o-)ip a [xi,-,x m ] 

a^P 2 (m) 

and for \x\ = maxjUxH^ , ip{x*x) 2 , ib(xx*) 2 } 

m 

(2.6) \(b(xi (8 • • • ®x m )\ < m"2"JJ|xj|. 

i=i 

Proof. For fixed j we use Tj = ib{ej). Then ipj(x) = is a normal faithful state on ejNej. 
Note that Tjtpj is the restriction of tb to ejNej and hence independent of j. According to Lemma 
12. II and Corollary 12 . 31 we know that (|2.5|) and (|2.6|) hold for all elements in |J ■ ejNej. We apply 
Lemma 12.51 and obtain that 

ib a [xi,...,x m ) = limip a [ejXiej,...,ejX m ej] 

j 

for all Xj G n^Dn^. Similarly, we deduce from \x\ = max{||x \\,ib{x* x) 1 / 2 ,ib(xx*) 1 / 2 } that 

\x\ = \immayL{\\ejxej\\,Tjibj((ejxej)* (ejxej))2 ,Tjipj((ejxej)(ejxej)*)2} . 

Thus the assertion holds for arbitrary elements x±, .., x m G n^Hn^. ■ 

We will now follow Speicher's approach for the (/-commutation relations. Let (ft, /j,) be a 
probability space and Sij : ft — > {1, — 1} be random variables such that S{j = Sji and such that 
the family (sy)i<j is independent. For fixed lo € ft we define the Pauli-matrices 



For fixed n G N, we use 

Wj(cj) = vij(lu) (8) • • • <8 (8 1 <8 • • • <8 1 G M 2 n . 

This yields selfadjoint unitaries such that 

Vi(u)vj(u) = Sij(uj) Vj(u)Vi(u) . 

In the special case of a constant random variable s^j = — 1 we obtain Clifford matrices. For a 
pair partition a = {A\, A m / 2 } we write (i, j) £ ^(o") if i and j are part of an inversion of a. 
This means {i, 1} C Aj 1 and {r, j} C Aj 2 with r < i < j < I. 

Lemma 2.7. T/ie random variables Vi G L OQ (ft,~M.2™) satisfy the singleton condition H2.1|) with 
respect to T n (x) = J 2^ n tr(x(uj))dfi(uj). Moreover, for every pair partition a G P2(m): 

/3(a) = limn-f £ [] E( Sfcijfej ) . 

(fci,....,fe m )<CT (i,j)el(a) 



OPERATOR SPACES AND ARAKI-WOODS FACTORS 11 

Proof. Let (k\, k m ) be such that one index occurs only once. We fixw^Sl and consider 

2- n tr(v kl (u)---v hrn (u)). 

Using the commutation relation Vk i (ui)vk j [oj) = s&^fc. (o;)^. (uj)vk { (w) and Vk^u)) 2 = 1 we may 
assume that all the variables occur only once and kj is the largest index with this property. 
Then we find some v such that v^uS) ■ • • Vk m (uj) = (— ty^v <g) Vk-^Oaj) <g) 1. This implies that 
2~ n tr(v (g) Ujfy,fcj-(w) <8> 1) = 2~ n tr(v) tr(vk 3 ,kj(u)) = 0. For the second assertion, we consider 
a pair partition a = {Ai, A m / 2 }- Let us consider (ki,...,k m ) < a and oj 6 f2. We may 
assume that j4i = {l,j}. Now, we commute Ujt (w) with all the unitaries u^. a (cj ),..., Wfc 2 (a;). 
This yields a factor ni=2 s ki,k 3 (<-<-0- If there is no inversion between i < j the index ki occurs 
twice. Therefore, we get 

n- =2 lfi ^>) = ii, (4J)6rw 

After this procedure we use (w)^ (u) = u/^. (cj) 2 = 1. Thus we have eliminated all the 
inversions with j at the cost of the factor Y\ { u j^ihA Ski,k 3 (w). Continuing by induction, we find 

2- n tr{v kl {uj) ■ ■ ■ v km {uj)) = Yl 

Taking expectations yields the assertion by independence. ■ 

The following result is due to Speicher: 
Corollary 2.8. (Speicher) Let Prob(sj ) j = 1) = p and Prob(sjj = —1) = 1 — p. Then 

(3{a) = (2p-r/W, 
holds for all sin 6 P2(m). Here I(cr) is the number of inversions of a. 
Proof. This follows immediately from Lemma 12.71 Es(/cj, kj) = a — (1 — a) = 2a — 1 and 

limn - ^" = limn~"2"n(n — 1) • • • On — — ) = 1. ■ 

(fcl,...,fc m )<cr 

Let us investigate the combinatorics including all values of — 1 < q < 1 simultaneously. We 
use the random variable 

s g (t) = 1[_ 1>? ] - 

on [—1, 1] with respect to the Haar measure y . Note that Es 9 = ^(2 — 2(1 — q)) = q. Then 
Vj tg is constructed above using independent copies (s| 

?! 

partition given by sets where the q% 's coincide. Then 



Corollary 2.9. Let u n ^ q (x) = w ^ YLj=i v j,q ® 7r j( a; )- Qi,---iQm S [—1,1] p fre i/te 



limr n (g)(— J (u„,g 1 (xi)---n nigm (x m )) = t(a, gj, ^^[xi, x m ] , 



<reP2(m),o<p 

w/iere t(<r) = ((ro/2)!)- 1 E 76 p e rm(m/2) ri(ij)e/( CT )[li< 7 iQ , j + lj< 7 i3i]- #ere we use toe Zexico- 
graphic order (A\, 4ui ) /or i/ie sets m a, and for a inversion (i,j) G 1(c) wt/i A s = {l,j}, 
At = {i, k} with l<i<j<kwe write i < 7 j if j(t) < 7(s). 
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Proof. It suffices to analyze 

lim n ~ ¥ Tn {v klA1 ■ ■ ■ v kmAm ) . 

(fci,...,fc m )<cr 

As in Lemma 12.71 we find 

T n(Vki,qi " " " v km,qm) = JJ £ (^,<3i > ^j,q, ) r n( w fei, q v (i) V ki,q^ 2 ) "' u *Vii/2,9ir(m-:i.) U fcm/2,9ir(m) ) 

(ij)G/(<r) 

for a suitable permutation ir. Here /(cx) is the collection of inversions of a. The sign e(A;j )?i , 
is calculated as follows. If ki < kj, then we know that 

1 j ^ a ^ ) - S ^ { sl kj ) \ 1 
Thus we find 

Thus the sign produces % or qj depending on which color is considered the bigger one. This 
leads to the description of t(a, q%, q m ) for a < p. If a j£ p, we will find terms of the form 

-\ V ri + iEs*»-ia»nii-*m/a-ii| < — - — 

n . ^ L 2 2 J 11 " n l - a 



3= k m/2- 



where a = i + i'Es qm ^ 1 s qm is in (—1,1). These terms disappear in the limit. 



3. CAR, CCR AND (/-COMMUTATION RELATIONS 

The CCR and CAR relations and their quasi-free states are motivated by quantum mechanics. 
In this section we review algebraic properties of the family of g-commutation relation and the 
type of the associated von Neumann algebra. We will follow the central limit approach from 
the previous section and use the data provided by a weight on JV = L^fl, /x; M2). Let us start 
with the discrete case. We consider a sequence of positive numbers (uj) such that < Uj < 1 
and the weight 

*f>(x) = J^[(l - fij)x n U) + H x 22(j)] 
j 

on ^00 (N, M2). Obviously ip is a strictly semifinite weight because the projections ej = 5j tg) 1m 2 
are invariant under the modular group. Here (5j) denotes the sequence of unit vectors in 
(where Sj(k) = 5jt is given by the Kronecker symbol). 

For — l < q < 1, we may define a linear functional <p q on A(n^ flnj) by the formula 

(3.1) <t> q (x X <g> • • • <g> X m ) = ^ S^^^h-^m] • 

o-eP 2 (m) 

We denote by I q the ideal generated by 

{z G A{n^ n nl) : Vo, b G A{n^ fl nl) : 4> q (a ® z ® b) = 0} 

Then, we may define B q = A(n^ n n*p)/I q . We denote by 71^ the quotient homomorphism and 
observe that 4> q induces a functional 4> q on B q such that 4> q ir q = <j) q . 
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Lemma 3.1. Let q = — 1 and a = 0. Let bj = 5 j (g> ( ^ ) ^ en 

Tt-i{bj ®bk + b k ®bj) = , 7r_i(6j (g) 6£ + 6£ ® bj) = 5kj 

and 

r 

(3.2) 4>-i(K- ® ■•■&*! ® fcji ® •■■ ® &j e ) = <5r, s JJ ^iiJiMii 

i=l 

/or a// increasing sequences i\ < %i < ■ ■ ■ < i r and j\ < %2 < • • • < j s - 

Proof. We first consider yi, ...,y m £ n^Cin^ and deduce from Corollary 12.81 that 

(3.3) </>-i(yi®---®y m ) = Yl (-i) /(<T) ^[yi,-,y m ] • 

o-eP 2 (m) 

Now, we want to calculate the commutator between elements y and z: 

4>-\ (2/1 ® ■ ■ ■ ® y r -i ® y ® z <g> y-r+i <%>••• ®y m ) 

= Yl {- l ) I{ - a H{yz)^a[yi,---yr-i,yr+i,-;ym} 

<T£P 2 (m+l),{r,r+l}ea- 

+ Y (-tY^Habji, ...,y r -i,y,z,y r+ i...,y m ] ■ 

tr£P2{m+l),{r,r+l}i£<j 

For the second term we define a bijection p on the partitions a by exchanging r and r + 1. 
Since {r,r + 1} is not contained in a, we see that t/j a [yi, -,y,z, -2/m] = *l>p(&)[yu —,y,z, -,ym]- 
However, p changes the number of inversion by one. This implies 

J2 (-iy^Myi,-,y,z,...,y m }=- J2 (-l) I{a) Myi,.:,z,y,...,y m ]. 

aGP2(m),{r,r+l}f(T aeP2(m),{r,r+l}fcr 

By cancellation we obtain 

0-1 (yi ® • • • <8> y r -x® y®z® y r+ i <g> • • • <g) j/ m ) + 4>-i{yi ® • • ■ ® 2/r-l® z®y® y r+ \ <g> ■ ■ ■ ® y m ) 
= V(y^ + zy)(j)-i{yi ®---y r -i® y r +i <8> ■ ■ ■ y m ) ■ 

This shows 

(3.4) yigiz + zigjy- V(y^ + zy)l G J_i . 

However, it is easily checked that ^{bjb^ + b^bj) = for all j, & and ^(bjb* k + o£oj) = for j 7^ fc. 
For j = k, we note that 

V>(o£6 fe + o fc o£) = (1 - p k ) + p k = 1 . 

This completes the proof for the anticommutation relations. Equation (|3.2|) is a direct con- 
sequence of (|3.3|) , Indeed, given a pair partition a = {Ai, Am.}, m = r + s, we see that 
only for {ii,...,i r } = {j\,...,j s }, we have a chance to match up all the coefficients. Since the 
subsequences are assumed to be increasing, we deduce that only the inversion-free partition 
{{1, m}, {2, m — 1}, , {m/2, m/2 + 1}} leads to a nontrivial contribution. ■ 
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Remark 3.2. In the continuous case we consider weights of the form 



We assume in addition that /i(o>) + = 1- We use the elements b(g)(u>) = f ^ 

and deduce from Q3.4|) that 

7r_i(6(^)®6(fc)+6(fc)®6(^)) = , it-Mg) ®b(hf +b(h)* ®b(g)) = {j hgp) 



and 



0_i (&(&.)* <g> • • • <g> 6(51)* <8> &(/n) • • • = <5 rs det( y gihjhM ■ 



Remark 3.3. The type of the associated factor satisfying these commutation relations can be 
determined from the work of Araki- Woods AW69 . Indeed, let us first consider a selfadjoint 
operator p on a real Hilbert space K such that < p < 1. Let H = K + iK be the complexifica- 
tion and {u(f) '■ f 6 H} a field satisfying the CAR relations. We repeat the same construction 
for K © K and use the well-known map 

Up (f) = u{(i- P ) l 2f^) + u{Q,p l *fy . 

This is equivalent to JAW 691 (12.22)] (see also jRiHj). Indeed, one can check that 

Up{f)u p {g) +Up{g)u p {f) = and u p (f)u p (g)* + u p (g)*u p (f) = (f,g)l. 
Moreover, the moments with respect to the vacuum state £ of the full system is given by 

(£>Up(/r)* • • • Up(fi)*u p {gi) ■ ■ -Up(g s )£) = S rs det(e 3 -, pfa)) . 
The corresponding von Neumann algebra R{p) is defined by 

R{P) = = / G K}" 

where the commutant is taken in the GNS-representation with respect to the vacuum state 
£. For discrete p we see that R(p) is the ITPFI factor with R(p) = ®nenQ^2, <f>n) where 
4> n (x) = (1 — \ n )xn + A n X22 is determined by the spectral values {A n : n £ N} of p. (This can 
also be checked using the standard matrices satisfying the CAR relation and by considering the 
GNS-construction with respect to the tensor product state (p = ^neN^n-) It follows from [AW69, 
sectionl2] that for p with continuous spectrum, R(p) is the hyperfinite IIIi factor. If there exists 
a < A < 1 such that for every n £ N there exists k n , l n such that X n = \ kn /(\ kn + X ln ), then 
R(p) is a type IIIa factor (see |AW691 section8]). 

The CCR relations can be obtained in a similar manner. 
Lemma 3.4. Let N = £00(^2) and (p k ) as in Lemma \S. 1\ Let X k = 5 k <8> ( J J ^ and 

Yk = 5 k ® ( ®. * J. T/ien 



and 



ni(X k ® Xj - Aj <g> Xfe) = Jfcj a^d 7ri(Y fc © Ij - <g> Yk) = 5k j 
iri(X k Yj - Yj ® X k ) = 5 kj 2i(2p k - 1) • 
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Moreover, 

2 2 

01 (e zXk e wYj ) = e^^-^fcJeMr^ . 

Proof. Let us first consider arbitrary elements y%, ...,y r _i, y r +i, ■ ■■,y m +i and y,z £ N. Now, we 
proceed as in Lemma 13.11 The only difference is that if we replace the partition a containing 
{i,r} and {r + l,j} by the one containing {i,r + 1} and {j, r} this does not produce a sign 
change. Therefore 

0i(yi ® • • • s/r-i ® y ® ^ 8) yr+i ® • • -y m ) - <£i(yi <8> • • ■ y r -i <g> • • -y m ) 

= tp{yz - zy)4> l (y l <g> • • • ® y r _i ® y r+1 (g) ■ ■ ■ y m+2 ) • 
This implies 

(3.5) [miy),^)] = rP([y,z}) . 
From 

^{[X k ,X 3 ]) = 5 kj , iP([Y k ,Yj\) = hi and ^[X k ,Yj]) = 8 kj 2i{2^ k -\) 

we deduce the first three equations. For the last assertion we use the power series expansion. 
For a fixed even k we have 

creP 2 (k) 

Let g be a iV(0, 1) distributed normal random variable and meC such that w 2 = ip(y 2 ). Then 

K(wg) k = w k £ 1 = Mv® k ) ■ 
o-eP 2 (fc) 

This implies that 

(3.6) Me") =jt^P = f>^ = Ee- = = e^ . 

k=0 ' k=0 

If k 7^ j then TTi(X k ) and iri(Yj) commute. This implies with (|3.6j) 



Me "e *) = Me k j ) = e = . 

For k = j, we use the Baker-Cambell-Hausdorff formula (see e.g. |()L| Section 3.3]) and obtain 
from (|3.5I) that 

(3. 7 ) e t(zX k +wY k ) = e _ t2 ^(^k.y k ]) etzXke twY k _ 

holds as a formal power series in t with values in B\. On the other hand, we deduce from 
Corollary 12.31 that 

0i(e teX *e* u,Y *) = Y t n+m ^r^MXf n Y? m ) 
' n'.ml 

n.m 

is absolutely converging because 4>i(Xf n Y® m ) < \X k \ n \Y k \ m . Similarly, we deduce that the 
map 1 1 — > 0i(e* 2 ^" fc e t,uYfe ) is an absolutely converging power series. This implies 

(3.8) Me t(zXk+wYk) ) = e- ^ l[ ? k ' Y * ]) Me tzXk e U ° Yk ) 

for all tGR. For t = 1 we deduce the assertion from ip([X k , Y k \) = 2i(2pL k — 1). ■ 
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Remark 3.5. In the continuous case we consider the weight il)(x) = J[f\X\i + f2X22\dp on 
N = Loo(0, p; M2). The real Hilbert space Hr is given by functions / : Q — > C. Then, we define 
the real linear embedding 




We obtain that 

[Mj(f))Mj(g))} =m{f),j{g)\) = J \fg- gfKh- hW • 

By the Baker-Cambell-Hausdorff formula (|3.7|) (valid as a for formal power series in the algebra 
B\) this implies that 

(3.9) 0i (a ® e zj( - f) e wj{9) ®b) = 0i(a ® e ~ zw Hf3~9f)(h-f2W e zj(f)+wj(g) ^ ^ 

Here a, 6 is either 1 or a finite tensor a = xi (8) • • -<gix m , b = y\®- ■ ■ ®y m - Note that in both cases 
the absolute convergence of the corresponding power series follows from the growth condition. 
Hence we may evaluate them at t = 1. Moreover, we deduce from ip(j(f ) 2 ) = J \f\ 2 dp that 

The reader familiar with the classical CCR relations will have observed that the formulas are 
not the usual ones. Let us first recall these usual CCR relations and state some results on the 
corresponding type of the underlying von Neumann algebra. We will follow the representation 
in |AW63| . Let K be a real Hilbert space. The Weyl representation is given by a collection of 
unitaries {U(f)\f G K} : {V(f)\f G K] such that 

(3-10) U(f + g) = U(f)U(g) , V{f + g) = V(f)V(g) 

and 

(3.11) U(f)V(g) = e-^V{g)U(f) . 
The corresponding quasi free state eft is determined by the relation 

(3.12) W(f)V(9)) = e -<¥-™^ . 
Given real subspaces K\ and K2 C K Araki introduced 

R(K U K 2 /K) = {U(f)V(g) : / G K\,g G K2}" ■ 

Here the bicommutant is taken in the GNS representation of {17(f), V{g) : f,g G K} with 
respect to (ft. In AW69, sectionl2] we can find very precise information about the type of 
R(K\, K2/K). We shall assume in addition that K = K\ © and that K2 is the graph of an 
unbounded operator B. If B*B has discrete spectrum, then R(K\, K2/K) may be constructed 
as an ITPFI factor. Let p be the operator such that B*B = 4/>(l + p). We refer to [XW69, 
section 12, section 8] for the following result. 

Theorem 3.6 (Araki- Woods). If p has a continuous spectrum then R(K\, K2/K) is the hyperfi- 
nite IIIi factor. If the spectrum {A n ; n G N} of p is discrete then R(Ki, K%/K) is isomorphic to 
®neN(^(^2), <f>n) where <j> n (%) = tr(D n x) and D n has the eigenvalues {/i^ (1 — p n ) : k = 0, 1, ...} 
and p n = 1 ^ . Moreover, if < A < 1 such that p n = X kn for some k n G N. Then 
R(Ki,K2/K) is the type factor. 
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We will translate our algebraic relations into the usual CCR relations. For a measurable 
function / : 0, — ► M we define 

U(tf) = e***^-*/)) and V(tg) = e^OX 2 "^)) 

as formal power series in B\. The relations U(f + g) = U(f)U(g), V(f + g) = V(f)V(g) are 
obvious. We will show in Theorem 14.51 that this may be interpreted as unitary operators on a 
HUbert space. According to Remark 13.51 we have 

01 (a ® U(tf)V(tg) ® b) = e~ it2 f Mh-hW^ $ v{tg)U(tf) ® b) . 

Similarly, we have 

MU(f)V(g)) = e -|//9(/2-/i)dM e -|(// 2 +fl 2 ^) . 

We will now match this with the usual CCR-relations. We introduce K = L 2 (fj,;M) © L 2 ([i;M) 
and K\ = {(/, 0) : / G L2(/x;R)}. We recall the assumption fi + f 2 = 1. Thus the operator 
-^(/) = (h ~ fi)f is a contraction on L2(/i;M) and we may define 

(3.13) K 2 = {(Ag, Vl-AZ(g)) : g G L 2 (n,R)} . 

Then X2 is the graph of the operator B = A" 1 ^/! — A 2 . The map g \— > \/l — A 2 (g)) is an 
isometry and 

((/,0),(A<7,Vl-4 2 G7)) = = j fg{f 2 -hW. 

In view of Theorem 13.61 we now solve the equation B*B = 4(p(l + p)) for S = A _ Vl - -4 2 
and find 2/? = 1 + |A _ |. As an application, let us state the following result. 

Corollary 3.7. Let K x and K 2 as above. If the operator (1 + = (1 + |/ 2 - ZiT 1 )/ 

has continuous spectrum, then R(K\, K 2 /K) is the hyperfinite factor. 

At the end of this section, we will discuss the unifying approach introduced by Shlyakhtenko 
which allows us to describe the ^-commutation relations for all — 1 < q < 1. Here we shall assume 
that Ut is a one parameter unitary group on a real Hilbert space K. On the complexification 
H = K + iK one may write Ut = A lt for a suitable positive nonsingular generator A. The crucial 
information is contained in the new scalar product 

(x,y)u = (2A(l + A)- 1 x,y) 

on K + iK. We assume the scalar product to be antilinear in the first component. We denote 
by By the completion of B with respect to this scalar product. Indeed, the following properties 
characterize (K, Bjj , A) . 

i) B D K is a complex Hilbert space and (Ut) a one parameter group such that Ut = A lt 
and U t (K) C K, 

ii) K + iK is dense in B and K DiK = {0}, 

iii) The restriction of the real part of the scalar product on B induces the scalar product 
on K. 

iv) Im(x,y) H = (ij^=rx, y) K for all x, y £ K. 
Moreover, on a dense domain one has 

(3.14) (x,y)u = (y,A- l x)u . 

We refer to |Shlj for more information on these conditions and the fact that these properties 
characterize the inclusion K C B. The algebraic information of the factor T q (K, Ut) is contained 
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in a generating family of bounded operators {s q (h) : h G K} and the vacuum vector £ satisfying 



(3.15) (C,s q (ht)---s q (h m )0 = Yl <l I(a) t\(K^ h )u 

<r={{h ji} {«m J™}}eP2(m) 2=1 

for even m. For odd m we have 0. 

Example 3.8. Given a strictly semifmite weight ip on a von Neumann algebra iV, we may 
consider the algebra B q {n^, flnj) and the scalar product given by 

(x,y)i> = i>{x*y) ■ 

Then <fi g defines a functional on A(n^ D n^) satisfying 

(8) • • • ig> X m ) = ^ ^ Va^l, -;X m ] 
o-SP 2 (m) 

which coincides with ()3.15j) for selfadjoint elements. Indeed, we consider the real Hilbert space 
K of selfadjoint elements in n n*^ and the complex Hilbert space L2(N,ip). On K we shall 
use the real scalar product 

ip{xy) + ip(yx) 



K 



2 

The modular group af is a one parameter group of unitaries on K . From (|3.14|) we see that 
A = A -1 is a generator such that ip(xy) = ip(yA~ 1 x) holds for analytic elements. Thus we 
consider Ut = <y~t which leaves K invariant. For analytic selfadjoint elements x, y we have 
(x,y)i< = l/2-0((l + A~ 1 )(x)y). This implies 

( i ]~rjZi (x),y)K = 0*0,2/) if = (i ^ A _\ (x),y) K 

= ^((l + A- 1 )(f^ K ^(x))y) = ~M(A-\x)y)-^xy)] 
i 



[ip{yx) -ip{xy)\ = lm(ip{xy)) . 



This yields 



(x,y)u = ip(xy) 

for selfadjoint elements. Thus the formula (|3.1|) extends the combinatorial formula Q3.15[) for 
arbitrary elements in n^Dn^. In the literature these extensions are obtained by considering the 
complex linear extension s q (see Shi and jHiaj ) of s q . 

Example 3.9. Let us consider the special case N = L OQ (p 1 ;~M.2) and 

^( x ) = / [/i(w)xn(w) + f 2 (uj)x 2 2{u)}dn(uj) . 



Of 

For / E L 2 (n; l C) we define j{f) = ( - ) . It is easily checked that j is an isometric 



/ 

embedding and &r lt {j(f)) = {j^) %t f leaves K = L^^C) invariant. Since j is only real linear, 
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we shall consider K as a real Hilbert space. The subspace H = j(K) + ij(K) is spanned by 
elements of the form j2(f,g) = ( ) ^ res ^ r ^ c ^ on we ^ n< ^ 

R**l>(j(f)j(jg)) =Rej [fgfi + hhW = j ^y^A* • 
For the imaginary part we have 

hmP(j(f)j(g)) = Im( | [/5/1 + JghW) = Ji^^fi + ^T^/* 



i(f2-A)fg-i(f2-fi)fg , [ i{h-h)fg + i{f2-h)fg , 

2 «Ai = / 2 M 

Re^0'(*(/a " /i)/)i(<7)) • 



This shows that on H the operator ,4 is given by j 2 (f, g) = j 2 (/ 2 //i/, hi hd) and C = i [ + ^-i 
is given by C(j(f)) = j(i(f 2 - h)f). 

We may consider Example 1.3.91 as the prototype for arbitrary inclusions using a well-known 
argument of Araki |Araj . 



Lemma 3.10. Every triple (K,Hjj,A) is unitarily equivalent to 

(<, K$, id) © (L 2 (0, n; C), L 2 (Q, M ; T^C) © L 2 (n, /x; ^C), {M h/h ,M h/h )) . 

iAere ac£s as £/ie identity on the real Hilbert space K$ and Kq = K^ + i-Kjf is i/ie canonical 
complexification. On the orthogonal complement K% = L 2 (J2, /x;C) f/ie embedding is given by 
j(f) = (/, /) and C/t(/) = (/ 2 / fi) lt f holds for suitable positive functions f\, / 2 wii/i /1 + / 2 = 1. 

Proof. We follow |Shll Section2] and |Araj . On © iK there exists a selfadjoint operator 
S such that C/t = e lts . Being a generator of a one parameter unitary group, we know that 
B = iS is an unbounded operator on K. We may assume that S is injective. Indeed, there is 
a projection e corresponding to the kernel of S and we might write K = Kq + K\ such that 
e£/t = Ute = elite = e and Ut acts non-trivially on K%. On i^o the inclusion Kq C is given by 
the canonical inclusion Kq C Kq + i-Ko- Thus for the rest of the proof we may assume K = K\. 
Note that B l B = S*S is a selfadjoint real operator and thus we have a polar decomposition 
B = V\S\ (coming from S = U\S\ and iU = V) such that V is a unitary on K. Since S is 
selfadjoint we have 

1 = (sisr 1 ) 2 = u 2 = (-iv) 2 . 

This implies V 2 = —1. On the other hand we have V t V = 1 and hence V t = —V. Moreover, 
S* = S implies B l = —B. Therefore we get 

-V\S\ = -B = B l = \S\V f = -\S\V . 

Thus V commutes with S. Using a maximal system of cyclic vectors, one can construct K + such 
that K + + V{K + ) = K and |S'|(i ; C+) C K + . Using a maximal system of cyclic vectors again 
and functional calculus, we see that IS 1 ]/^ is unitarily equivalent to a multiplication operator 
Mf on L 2 (J7, /i;R) (see KRl]). By orthogonality of K + and K^ = V(K + ), we deduce that 
(K, B) is unitarily equivalent to (L 2 (/x; C), iMy) such that K = K + © if_ is real isomorphic to 
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L 2 (fi;C) and U t = e itf . Now, we may use our standard model and set /i = e ^(1 + e 1 , 
f 2 = (l + e -/)-i, and 

According to Example the corresponding action is given by {f 2 / fi) lt = e 2 *^ = ft- Moreover, 
^i{h-h) a ^ so P rov ides the correct imaginary part for i ■ ■ 

As a direct application of |Hial Theorem 3.3] we obtain the following information on types. 

Corollary 3.11. Let K = L 2 (//;C) and U t (f) = (f 2 /fi) it f- Let -1 < q < 1 and T q (K,U t ) 
the q-deformed Araki-Woods factor. Let G be the closed subgroup generated by the spectrum of 
h/f 2 . Then T g (K, U t ) is of type ll x if G = {1}, of type III A if G = {X n : n G Z}, and of type 
IIIi ifG = R+. 

4. Limit distributions 

In the previous section, we have seen an algebraic construction of the CAR and CCR relations 
from the central limit theorem. In this part we will discuss some analytic properties which will 
be used to provide matrix models. We will first discuss ultraproducts of noncommutative L p 
spaces. 

Given an index set I and a family (X n ) n ^j of Banach spaces, we will use the notation FL X n 
for the subspace of bounded sequences in n^™- The ultraproduct Yl n i(X n is defined as the 
Banach space Y\i,X n /Ju, where Ju is the closed subspace of Ilfe^ given by 

Ju = {{x n ) | hm \\x n \\ = 0} . 

n,U 



We will follow Ray and use the notation 

(x n )* = (x n ) + J u . 

Let (N n ) be a sequence of von Neumann algebras. Then, we may consider the ultraproduct 
Y\ n u Li(N n ). Following the natural duality for operator spaces (see |JJNR X '.). we find an iso- 
metric embedding 

t : TT L t (N n ) -» (TT N%>)* given by i{d n ){x n ) = \\mtr Nn {d n x n ) . 

J -- 1 -n,U AA o n,U 

Note t is a completely isometric embedding and the range V = Li{N n )) is left and right 

invariant by multiplication with elements x G Ilb^n- Therefore (see |Taklj ). we find a central 
projection z u G (U n N n P )** such that V = z u {]\ n Nn P )* ■ We obtain a von Neumann algebra 

The von Neumann algebra Ny is the dual of the ultraproduct of preduals. The map l provides a 
completely isometric isomorphism between Y\ n y Li(N n ) and L\(Nu) = (N^)*- This argument 
(except for the additional complication with op needed for the operator space level) is due to 
Groh |Groj . For our applications Ny is still too big because, in general, it is not cr-finite. 
Therefore, we will in addition assume that (</>„) is a sequence of faithful normal states such that 
4> n is defined on N n . Let (D n ) be the corresponding sequence of densities associated to (4> n ). 
This notation will be fixed in the sequel. Clearly, (D n )' is an element in FJ n u L\(N n ). We denote 
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by eu its support (in Nu). Then, we define the von Neumann algebra ultraproduct with respect 
to {4> n ) by 

Nu = euNeu ■ 

If all the states (fi n are tracial, then Nu is the well-known von Neumann algebra ultraproduct 
Tin Ni/ Ju- Here Ju is the ideal of elements (x n ) such that lim n ^ 4> n {x* n x n ) = 0. If the cp n 
are only states, then Ju C Nu(l — eu) is only a left ideal. Let us note that we have a *- 
homomorphism ir : Y\ b N n — > Nu which has strongly dense range. It will be convenient to use 
the notation (x n )' = 7r((x n )). Let us denote by Djj G L\(Nu) the density of the state i((D n )'). 
The following result is due to Raynaud |Kay| . 

Lemma 4.1. Let < p < oo. There is an (completely) isometric embedding I p : L p (Nu) — > 
Tl ni U L p( N n) satisfying 

I P (Drf~eu(x n yeuD>) = (iV~ ' x n D*)* . 

Moreover, the subspace W = {eu{x n )' eu \ (x n ) £ 116-^"} ^ s strongly dense in Nu. If af n and 
o~f u denote the modular group of 4> n and <ftu , respectively, then 

(4.1) o-t u (eu(x n )'eu) = e w (af"(x„))'e w . 

The classical central limit theorem provides unbounded random variables. If we work with 

unbounded operators in a non-tracial setting, we have to multiply unbounded operators without 

the help of the algebra of T-measurable operators. The context of L p spaces yields a very 

convenient substitute in our setting. Let D be the density of a normal faithful state ^ on a 

von Neumann algebra N and x be a selfadjoint operator affiliated to N. We will say that 
i 

xDp e L p (N) if there exists y G L p (N) such that for any increasing sequence of intervals (Ik) 
with |J fc Ik = K we have 

i 

y = lim lj k (x)xDp . 
k 

The next Lemma is an easy application of Kosaki's interpolation result. 

Lemma 4.2. Let x be a selfadjoint operator affiliated to N , <p a normal faithful state and 
n(A) = 4>(1a(x)) the induced measure on 1. If 2 < p < oo and the identity function f(t) = t 
belongs to L p (ii), then 

xDp G L p (N) . 

In particular, let p = 2m. If J K t 2m dfj,(t) is finite, then xDp for all p < m. 

Proof. Let M be the commutative von Neumann algebra generated by 1 and the spectral pro- 
jections eA = 1a (x) where A ranges through the borel- measurable sets. Functional calculus 
provides a natural *-homomorphism it : L^iM, /i) — > N. For a bounded function / G L^di) we 
define 

Let us recall Kosaki's interpolation result |Kosj 

L p (N)D^~p = [ND^,L 2 (N)]2 . 

p 

Here the inclusion map i of N in L2(N) is given by the map t(x) = xDz. We observe that 
i _ i 

7r p (f)D 2 p = i(-7r(/)). Thus, taking the inclusions into account, we see that the family 
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(%)2<p<oo is indeed induced by the 'same' operator ^{f) = n(f)D^. Note also that tt p is 
a isometry for p = oo and p = 2 (recall ||/||l 2 (/i) = [ < f>( 7T (\f\ 2 ))] 1 ^ 2 )- By interpolation, we deduce 
that 7T P extends to a contraction on L p (fi). However, by the dominated convergence theorem, 
we see that for every increasing family of bounded intervals (Ik) and / G L p (/j,) we have 

L p (n) - hml /fc / = / . 

i_ 

By continuity, we deduce that lim^ ir(li k (x)x)Dp converges to %(/). This proves the first 

assertion. For p = 2m, we simply note that J t 2m dfi(t) means that f(t) = t belongs to L2 m (//). 

i_ i_ 

Since the inclusion map ^m.p : L2m{N) — ► L P (N) defined by l2m,p(%) = xDp 2m is continuous, 
i_ 

we obtain xD? G L p (N) for all p < m. ■ 

As usual we denote by erf the modular group of a state (or weight) (f>. An element x G A" 
is called analytic if the function i o~f(x) extends to an analytic function with values in AT. 
In this case we use the notation a z (x) G iV. We denote by A^ C AT i/ie subalgebra of analytic 
elements. The map a z : A^ — > A" is a homomorphism satisfying cr z (a;)* = cr^x*). We denote 
by N sa ^ a the real subalgebra of self adjoint analytic elements. 

Proposition 4.3. Let X be an index set and \ \ : X — > [0, oo) be a function. Let (N n , <t> n ) 
be a family of von Neumann algebras N n with normal faithful states 4> n . For every n G N let 
(u n (x)) x< =x be a family of analytic self adjoint elements in N n such that 

i) There exists a constant C such that 

\^>n{Un{x\) ■ ■ ■ U n (x m ))\ < {Cm) m \ 

holds for all n G N and xi, ■■■,x m G X. 

ii) There exists a 2 < p < oo such that for all x G X there exists a constant c(x, k) such 
that 

'd! at n (u n (x) k ) 



sup 

n 



< c(x, k) . 



p 

Let a : U m >o^ m \i n pi L ^ N n) be defined by a(0) = (Al)* and 

i 

a(xi,...,x m ) = (u n (xi) ■ ■ ■u n (x m )A?)* . 
T/ien ifoere exists a family of selfadjoint operators (u(x)) x& x affiliated to such that 

a) If \z\ < 5(x, x\, x m ), then Y^=o T\ u ( x ) a ( x i, x m ) converges absolutely in the ul- 
traproduct Y\ n u L2(N n ) , and 

b ) i^e ttu ^a(x!, x m )\ t =o = a(x,xi,....,x m ), and 

i 

c) ((D£)',a(x 1 ,....,x m )) = ]im n j U (l> n (u n (xi)---u n (x m )). 

Proof. For fixed x G X, we see that Uf = (e 1 '"™^')' is a unitary group in Ny. Let us show that 

a(xi, x m ) is in the domain of the generator. Let us fix n G N and define a n (x±, x m ) = 
i 

Un(xi) • • • u n (x m )Dn ■ According to our assumption 



|a n (xi,...,x m )||2 = (t) n {u n {x m ) ■ ■ ■ u n {xi)u n {xi) ■ ■ ■ u n {x m )) < (2Cm) 2m J| 



m 

2 



\X% 
1=1 
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is uniformly bounded and hence a(x\, ...,x m ) is an element in L^iNu) = \\ n u L2(N n ). Similarly, 
we have 

i2 
12 



u n (x) k a n (xi, a; m ) = 4> n (un(x m ) • ■ ■ u n (xi)u n {x) 2k u n (xi) ■ ■ ■ u n (x m )) 
(4.2) < (2C(m + k)) 2( - m+k ^ TT m \xi\ 2 \x\ 2k < (2Cm) 2m T\ m \ Xi \ 2 (2Cmk) 2k \x\ 2k 
Let 6 = (4eCm(l + |x|)) _1 , c m = (2Cm) m Y\™ =l \xi\, and \z\ < (5. Then we see that 



(4.3) 



< C m —- : — < 



k\ (2e) k 



Since these estimates are uniformly in n, we deduce assertion a) and that 

d 



i dt 



U t (a(xi,..,x m ))\t=o = a(x,xi,...,x m ) 



is well-defined. Therefore a(x\, x m ) is in the domain of the closed generator u(x) of the 
unitary group Uf (see |Kadl Theorem 5.6.36]). Let us note in passing that also (Dn )*Nu ls 
in the domain of u(x). We recall that eu is the support of 4>u = L {(D n )'). Now, we will use 
condition ii) to show that for \t\ small enough, we have Ufeu = cyUf = Ut e U- We will first 
show that for \t\ < 5(x) we have 



(4.4) {l-eu)UHD*y n \ = 

for every bounded sequence (y n ) C Y\ b N ri . Again, we fix n £ N and note 

u n (x) k Di = Dia^(u n (x) k ) = Dr lp D n at n (u n (x) k ) . 



By definition of the multiplication in L<z(Nu) — Y\ n u^(-^n) (see Ray ), we deduce 



(4.5) 



u n {x) k Dl 



T) 1 



1 _ l 

2 p 



According to assumption ii) (Z?^o"f n (ii n (x)) fc )* G Y\ n u L p {N n ) is well-defined and henceforth 



{l-e u )[u ri {x) k Dly r 



[l-eu)[ D* 



) 2 V 



D n at(u n (x) k )) [y 



. 



However, for \t\ < S(x), we deduce from absolute convergence that 



1 - e u )Uf[Dly n = £ - (1 - e u )(u n (x) k D n y n = . 



k\ 

k=0 

This shows (|OJ). By density we find (1 - e u )U? {D n )' N u = 0, i.e. (1 - e u )U t e u = for |t| < 5. 
Using adjoints, we deduce eyUf = euUfeu = Ufey. For arbitrary t we choose m such that 
\t\ < m5 and observe 

euU? = eu(Ul) m = (Ul) m e u = U?e u . 

m m 

Therefore ejjUfeu is a strongly continuous unitary group in Nu and the generator u[x) satisfies 
the assertion. ■ 
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Remark 4.4. 1) The proof of Proposition 14. 31 allows us to replace the bounded operators u n (x) 
by unbounded selfadjoint operators. In this case, we should require that a n (xi, ....,x m ) is in the 
domain of u n (x) and replace the moment condition by 



\{Dl,u n {x 1 )---u n {x m )Dl)\ < (Cm) m l\ 



i=l 



In order to formulate the modular condition, we recall that af n (x) = D^xD n lt also defines an 
automorphism of L p (N n ). Therefore, we shall require that u n (x)Dn P is analytic and that for 



1 = 1 + 1 

2 V T g 



Then we have 



sup 



< c(x, k) . 



u n (x) k DZ = Dn "(TiMxyD*) . 

1 

This allows us to deduce (|4.5|) and complete the proof as above. 

2) For applications, it is often more convenient to replace condition ii) in Proposition 14.31 by 
a moment condition. Let us assume that p = 2m is an even integer and I = - + - . We consider 

z p g 

the real and imaginary part 

y n ,k = af{u n {x) k )+af{u n {x) k r 
i i 

Then, we deduce from Lemma 14.21 that 

1 v 



k\* 



z n ,k = aT{u n {xf)-a% n {u n {x) K ) 



< Mvik) < 



V \<t>n{°i{Un{x) k ) S '---O i (u n {x) k y*)\ 
— • q q 

p si,...,s p e{0,*} 
A similar estimate holds for z n k- This shows that moment estimate 

sup \M<ri(un(x) k ) sl ---4 n M%) k ) Sp )\ < <x,k,p) 

n,si,...,s p e{0,*} q i 



(4.6) 



implies condition ii). Again this holds still in the context of unbounded operators as long as we 
can justify the domain issues for the operators a± (u n (x) k ) and justify the equation 

af{u n (x) k )m =<jf(u n (x) k D\) . 
i i 

At the end of this section we show that the limit objects in the algebraic central limit theorem 
may be realized as unbounded operators. 

Theorem 4.5. Let N be a von Neumann algebra and tp a strictly semifinite weight with asso- 
ciated projections (ej). Let (vk(n))k=i,..., n ,n£N be a family of selfadjoint contractions such that 
(vk(n))k=i .. n C (M2n,T„) are contained in a finite von Neumann algebra satisfying the singleton 
condition ()2.1|) . LetlA be an ultrafilter and for a pair partition a G P%{m) the weight is given by 

/3(a) = limn-T V T n (v kl (n) ■ ■ ■ v km (n)) . 

n,U ' — • 

(fcl,...,fe m )<CT 



Consider X = N a n n and \ x\ — max{ ||x|| oo , ip(x* x) 2 , t/?(xx* ) 2 }. Then there exists a von 
Neumann algebra M , a normal faithful state 4> with density D, a linear map a : A(X) — ► L2(M) 
and a family {u(x)}xeN sa a of selfadjoint operators affiliated to M such that 
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i) a(x\ (g) • • • ® x m ) is in the domain of u(x) and 

u(x)a(xi <8) • • • x m ) = a(x (g) xi <g> • • • <g) x m ) , 

ii) Z?2 is in i/ie domain of u(x) and 

u(x)Dz = a(x) , 
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iii) (Z?2,a(xi 



® x m )) 



E P(o-)i> a [xi,...,x m }, 

aeP 2 (m) 

iv) af(u(x)) = u(o~f(x)) holds for all t G M, 



ZioWs /or a// xi, ...,x m G -/V saja and x G N saja . 

Proof. For fixed j and n G N we define Tj 
M 2 n ® ( ej Nej)® n . For x G N sa>a we define 



■0(ej) and 0- 



on M 



T- 

u n ,j(x) = J -i- y^v k {n) <g> TTkjejXej) . 
n k=i 

Since r n is assumed to be a trace, we have 

(4.7) °t*Mx)) = u n ,{at(x)). 

In order to check condition i) we apply Corollary 12.. SI for ejxej. Let us show that \ejX6j\ < \x\. 

Moreover, we deduce from (|2,4|) that 

H Xe illL 2 (A r ,V') = W^ e j^ X \\L 2 (N,^) - W x Wl 2 (N,iP) = i>{x*x) ■ 

Let us denote by D n j the density of <f> n We will now apply Remark I4.41 2) in order to verify the 
condition ii) in Proposition I4.31 Indeed, we take p = 4 = q and Then we consider 

a±(Xj) + ai(xj)* and z kj = Gi (x|) - Ui {x))* . 



Indeed, lie 

i/j(ejX*ejxej) < ij){ejX* xef ; 



Vkj 



We note that 



\Vkj\ < 2|o-i(4)| < 2||o-i(s 



0~%\Xj 



However |(T 1 (xj)| = \eja 1 (x)ej\ < \cr±(x)\ implies 
qqi 

\Vkj\ < 2 |ki(x)||^ 2 \o- ± (x)\ . 
i i 

For k = 1 we simply have \ykj\ < 2|o*i (x)|. Similarly, we find the estimate 

i 

M < 2 \\o-i(x)\\ k - 2 \<Ti(x)\ . 

1 1 

This implies with Lemma 14.21 and Lemma 12.31 that 



o-i(Xj)D, 



< 



VkjD 



+ 



Zk,jD* 



< 



■ \ykj\ + kfcjl 



< 4' ""-" 1 ' < 32 Ik, (x)||^ 2 |<7«(s)| . 



Therefore the condition ii) in Proposition 14.31 is satisfied uniformly in n and j. Let IA 1 be an 
ultrafilter on I and U =W xU the ultrafilter on/xN such that A G U iff {j : {n G N : (j, n) G 



^4} G U}} G W. In terms of limits, this means hm,- 



(j,n),u a i, n 



limj, W / lim niW aj >n . We apply 
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Proposition 14.31 to the double indexed family u n j{x). By linearity it suffices to define the linear 
map a on A(X) for tensors with the help of Raynaud's isomorphism: 

a(xi <g) • • ■ <g> x m ) = / 2 " 1 ^(-u, nj -(xi)---u n j(x m )^ i )» 

The state 4>\j is the ultraproduct state (4> n ,j) m with density Dq in Li(A^). Note that by definition 

of Njj, the state (f)fj is faithful. We deduce from Proposition 14.31 that u(x) is affiliated to Nq and 

satisfies the domain properties i) and ii) . The modular condition iv) follows from (|4.7[) and (|4.1|) . 

The moment condition iii) follows from Raynaud's isomorphism, Lemma 14. II and Corollary 12.61 

i i 
(D u , a{x x <g> • • • <g) x m )) = lim (IP -,u n j(xi) ■ ■ ■ u n j(x m )Dn,) 

= limlim^ n j(u„j(xi) • • • u n j(x m )) = lim V] P(a)ip a [ejXiej, ...,ejX m ej] 

j,W n,U j,W *■ — * 

a-&P 2 (m) 

= 0(a)ip a [xi, -,x m ] . ■ 

o-eP 2 (m) 

Corollary 4.6. Let N be a von Neumann algebra and ip : N — » C be a strictly semifinite normal 
faithful weight. Then there exists a von Neumann algebra M[— 1, 1] with a normal faithful state 
(f) and a family {Ut(x,q) : x £ N sa ,,a, — 1 < q < 1} of unitary groups which generate M with the 
following properties. 

i) The generators u q (x) = ^Ut(x,q) satisfy 

(f>(u qi (xi) ■ ■ ■ Ug m (x m )) = ^2 t(a,q 1 ,...,q m )i(j a [xi,...,x m ]. 

a£P2(m),a<p 

ii) For every subset Id [—1,1] there is ^-preserving conditional expectation Ej : M — > Mj, 
Mi generated by {Ut(x,q) : x £ N sa ^ a ,q £ I}. For disjoint sets I and J the algebras Mi 
and Mj are independent over (j) (in the sense of (j6,l|0 

Proof. The first assertion is a direct consequence of Corollary 12.91 and Theorem 14.51 but now 
applied for the family fj, g (n) indexed by the additional parameter — 1 < q < 1. For a subset 
I C [—1,1], we deduce from af n (e lsUn - q ^) = e %SUn ^ a *- ^ that Mi is invariant under af and 
hence we can apply Takesaki's theorem (see e.g. |Strl Theorem 10.1]) and find a (^-preserving 
conditional expectation. Now, we assume J Pi J = 0, qi, q k £ I, qk+i-, Qm 

£ J. Then 

0Ki(xi) • • • Uq k (Xk)u qk+1 (Xk+l) ■ ■■U qm (x m )) = (j){u qi (xi) ■ ■ ■ U qk (x k ))(j)(u qk+1 (x k+1 ) ■ ■ ■ Ug m (x m )) 

follows from i). Using absolute convergence (uniform in q), we may extend this relation to 
polynomials in Ut(x, q k ). Since <fi is normal this implies 4>(ab) = (p(a)(p(b) for a £ Mj, b £ Mi. ■ 



We refer to Bla_ for a short introduction to C(X)-algebras. In our context we obtain the 
following continuity result (without constructing an embedding of C[— 1, 1] in the center.) 

Corollary 4.7. Let T = {(x,t) : x £ N sa ^ a ,t £ M} and A(T) be the free algebra in T noncom- 
muting selfadjoint variables. Letir q : A(T) — » M , ir q ((x,t)) = e itUq ( x ' the induced representation. 
The function 

f x (q) = Wx + hsatqW 

is lower semi- continuous. 
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Proof. Let p be a noncommutative polynomial in the variables (x\, t\), (x m ,t m ). For fixed go 
we can find noncommutative polynomials pi,P2 in the variables y\, ...,yk G N saa such that 

(1 - e) 1 1 ir qo (p)\\ < | (pi (u qo (yi) , . .. , u qo (y k ) ) , ir qo (p)p 2 (u qo (yi) , .. . , u qo (y k ))\ 

and \\pi(u qo (yi),...,u qo (yk))h = 1 = IIPi( n go(yi)> ■■■, u q (yk))h- Using the combinatorial formula 
from Corollary 12.11 and Corollary 12.81 we deduce 

lim \\pj(u q (yi), ...,u q (y k ))\\ 2 = \\Pj(u qo (yi), ...,u qo (y k ))\\ 2 

for j G {1,2}. By linearity it suffices to show 

lim d>(u q ( yi ) ■ ■ ■ u q {y k )e u ^^ ■ ■ ■ e^^u^y',) ■ ■ ■ u q (y' k ,)) 
= 4>{u qo { yi ) ■ ■ ■ u qo (y k )e u ^o^) . . . e u ^oM UqM) . . . UqM) 
According to Corollary 12.31 we know that 

\<t>(uq{yi) ■ ■ ■ Uq(yk)u q (xi) h ■ ■ ■ u q (x m ) lm u q (y[) ■ • • u q (y' k ,))\ 
< C( yi , ...,y k ,y'i, -,y' k i)(k + \\ \x^ 

where d = Ylik- Using the absolute convergence of ^/fr^ 5 ) we may now approximate the 
exponential functions by polynomials (uniformly in q). Hence the convergence follows from con- 
tinuity in q of the combinatorial formula for the joint moments (see Corollary 12.11 and Corollary 
12. For an arbitrary element of A(T) the assertion follows by approximation. ■ 



5. A UNIQUENESS RESULT 

The CAR and CCR relations are usually defined using Fock-space representations. We will 
prove a noncommutative version of the Hamburger moment problem which allows us to show 
that the ultraproduct construction and the Fock space models describe the same von Neumann 
algebra. 

We will say a * -probability space (A,*, (ft) is given by unital *-algebra A over the complex 
numbers and a positive linear functional (j) : A — ► C with 0(1) = 1. Here *-algebra means that 
* is an antilinear involution and that 

A = A sa + iA sa where A sa = {a £ A \ a* = a} 

is called the self adjoint part of A. The functional (j) is called positive, if <t>(a*a) > and 
4>(a*) = 4>(a). A representation of A is given by a generating set S C A sa , 

i) a Hilbert space H, a unit vector £, and a linear map 

(5.1) a : A H with a(l) = £ ; 

ii) a map tt : S U {1} — > Sa(H), Sa(H) the set of selfadjoint densely defined operators on 
H, such that ir(l) = 1, and a(A) is a subset of the domain of ir(a) k for all a G 5, k G N, 
and 

(5.2) vr(a)£ = a(a) , J t k '(a(6) , dE^ a) 'a(b)) = (a{b) , a(a k b)) 
holds for all a G S with spectral resolution and for all 6 G A. 
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iii) Moreover, we require 
(5.3) 4>{a*b) = (a(a),a(b)) H 

for all a, b G A. 

Let us say that A satisfies the growth condition if there exists a generating subset S C A sa 
such that S U {1} generates A as an algebra and there exists a length function | | : S — ► (0, oo) 
such that 

n 

\4>{ai ■ - -On)! < N 

i=l 

holds for all a±, .., a n G S". We will show that under these assumptions the von Neumann algebra 
generated by the spectral projections of elements vr(a), a £ S is uniquely determined. We will 
need the following formulation of the Hamburger moment problem (see e.g. |Widj ) . 

Theorem 5.1 (Hamburger moment problem). Let fii and (12 be regular Borel measures on R 
such that the moments 

t k dm(t) = m k = t h dn 2 (t) 



coincide. If there exists a constant c such that < c k+1 k k , then fii = ^2- Moreover, under 
these assumptions on the polynomials are dense in L p (fj,i) for every p < 00. 

Sketch of Proof. It is well-known that the Hamburger moment problem has a positive solution 
under these conditions. We will only indicate the proof of the density assertion needed in this 
paper. We consider the function h(x) = sm ^ and the translates h\^(x) = h(s(x — A)). One 
first shows that for 2 < p < 00 and s(p) = (6cep) _1 the functions (/ia,s) s <s(p) belong to the 

(x-\) 2k 
(2fc+l)! 



S 2*h4ao7_ , mN 2fc 



closure of the polynomials in L p (R, fii). Indeed, let q m {x) = X^fcLo(~^) A s2k %k+i)\ an< ^ P e 
Assume m > |A| + 1. Then 

1 (r<i\ 2k 1 1 

Efthy^^f" s » E(^) 2 *^TT)- 

fc>m v 7 fc>m v ' 

Here, we used the the estimate \\{x - X) 2k \\ < c 2k+ ? (2kp+ \X\) 2k for k > |A| + 1. Let s < s(2p). 
Now we show by induction on m that for every polynomial q the functions h\ 1 s ■ ■ ■ h\ mjS q belong 
to the closure of the polynomials in the L p (R, In particular, the algebra A generated by 
(^A,s) s <s(2p),AeiR i s m the closure of the polynomials in L p (//i,M). Finally, we deduce from the 
Stone- Weierstrass theorem that A is dense in C(RU {00}) and hence in L p (pi) because \x\ is 
finite. We deduce that l( a ,&) is in the L p -closure of polynomials for all —00 < a < b < 00 and 
p < 00. By regularity of the Borel measure fj,% the step functions are dense in L p and this 
completes the proof. ■ 

Let us now verify that the growth condition allows us to apply the Hamburger moment 
problem. We consider a representation (71", a, £) of A, and a £ S and b G A. Then we may define 
the regular Borel measure (see e.g. |Kadl I Theorem 5.2.6]) /i on the real line given by 



ti{B) = I (a(b),dE^a(b)). 

B 
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Clearly, \i is a finite measure satisfying 

fi{R) = <p(b*b) . 

The following estimate follows similarly as in (|4.2|) and we leave it to the reader. 

Lemma 5.2. Let b G A and a £ S. Then there exists a constant C such that for all k £ No, 

| I (x + X) k dfi(x)\ < C fe+1 (A: + |A|) fc . 
Jr 

Theorem 5.3. Let (A,4>) be a * -probability space satisfying the growth condition with respect to 
S. Let (vri,ai,^i) and (^2,012, £2) be representations. Let J\f\, M2 be the von Neumann algebras 
generated by the spectral projections of {iri(x)} x( zs > { 7T 2(x)}xgS , respectively. Assume in addition 
that the restrictions (j>i(x) = (£i,x£i), 4>2 = (£,2,x£,2), are faithful onM\, A/2, respectively. Then 
there is a normal homomorphism n : J\f\ — > A/2 such that 4>2 7T = 4>\ . 

Proof. Let A§ be the pre-Hilbert space A equipped with the scalar product (6, c) = <j)(b*c) and 
its completion. Let us first consider a single representation ot\ : A^ — > iTi- Then ai extends 
to an isometric isomorphism between if^, and the closure of «i(^4). Given b £ A, a £ S, we may 
consider the measure 

fix(B) = [ { ai (b),dE^ a \ ai (b))) . 

JB 

The measure is a regular Borel measure (see e.g. (Kadi I Theorem 5.2.6]) and satisfies the 
growth condition. Moreover, given a bounded function /, there exists a polynomial q n such that 
11/ ~ <?n|lL 2(m ) < \- Therefore, we deduce 

||/(vri(a))ai(6) - g n (vri(a))ai(6)|| 2 = ||/ - q n \\ L ^) < n' 1 . 

However, 

?n(7Ti(o))(ai(6)) = ai(q n (a)b) 

and thus forms a Cauchy sequence in iif^ converging to some element h £ H^. Thus we 

get 

/(7Ti(a))(at 1 (6)) = limg n (7n(a))(ai(6)) = limai(g n (a)6) = 

n n 

We observe that K\ = cl{et\(A)) is an invariant subspace for Ai and hence there exists a 
projection e\ £ M[ such that K\ = e\H\. Then ot\ provides a unitary between and ifi. We 
apply the same argument to 012 and obtain e2 G A/^, if 2 = e 2-^2 an d an isometry 02 : -ff^ — > i^2- 
We define the unitary u = a2Q.^ 1 : e\H\ — > e2^2 an d want to show 

(5.4) u-7(^ 2 (a))u = /(tti(o)) 

holds for all bounded measurable functions / and a G S. Let a £ S and b £ A. The argument 
above shows that 

ai(/i) = /(7Ti(a))ai(6) = limai(q n (a)b) and a 2 (/i) = /(7r 2 (a))a2(i>) = lima!2(<?n(a)ft) ■ 
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Therefore, it suffices to observe that the sequence (q n (a)) from above can be chosen to work for 
7Ti(o) and 7T2(a) simultaneously. This follows immediately from the fact that the measure p 2 
given by 

V*{B) = I {a 2 (b),dEp (a) (a 2 (b))) 

JB 

has the same moments as p\ and thus p\ = p 2 by Theorem 15,11 This completes the proof of 
()5.4j) . We can now define the state preserving normal *-homomorphism fr : e\M\ — > e 2 M 2 given 
by 7r(x) = u~ 1 xu. The conclusion follows from the fact A/i and e\M\ are isomorphic and M 2 and 
e 2 M 2 are isomorphic. Indeed, the induction p\ : N\ — ► e\M\ defined by pi(x) = e\x is a normal 
*-homomorphism. For a positive element p\{x) = implies 

01 (a?) = = 0. 

Since c/>i is faithful, pi is injective and therefore a normal isomorphism (see |Dbd 1.4.3 Corollary 
1]). The same applies for p 2 . Hence ir = p^ixpi yields the state preserving homomorphism. ■ 



Remark 5.4. If we assume only that <p\ is faithful we still have an isomorphism tt : A/i — ► e 2 M 2 . 

In the following we will often have some control on the modular group: 

Proposition 5.5. Let (A, (ft) be a * -probability space with generating system S satisfying the 
growth condition. Let (at)teM. be a family of maps such that o- t (S) C S. Let (7r,a,£) be a 
representation of (A, 4>) and M be a von Neumann algebra such that n(x) is affiliated to Ai for 
all x E S and (p^(y) = is faithful on M. Assume that 

n(a t (x)) = ^(vr(x)) 

holds for allt 6l and x £ S. LetM be the subalgebra of M. generated by the spectral projections 
of tt(S). Then there is a conditional expectation £■ : M — » N onto N such that (f> o £ = <p. 

Proof. Let x £ 5 and B C R be measurable. Since <rf 5 is an automorphism on M, we deduce 

Therefore erf 5 leaves M invariant. The result follows by an application of Takesaki's theorem 
(see [HB Theorem 10.1]). ■ 

As an application we will show that the von Neumann algebras T q (K,Ut) can be obtained 
from the central limit procedure. This is an important link for our norm estimates. 

Corollary 5.6. Let (K,H,Ut) be as in section 2. Then T q (K,Ut) is isomorphic to a comple- 
mented subalgebra N C M obtained in Theorem \4-5\ More precisely, there exists a homomor- 
phism ir : T q (K, Uf) —> M such that (fto-K is the vacuum vector state 4> vac , erf ° 71 = 71 ° crf vac and 

(5.5) n(s q (h)DZ ac ) = u q (h)D* 

holds for all h £ K. Here u q is the map u constructed for (3(o~) = q 1 ^ . 
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Proof. According to Lemma Id 101 we may assume K = Kq © £2(^1, /x; K). Using a conditional 
expectation at the end of our proof, we may assume that the dimension of Kq is even and 
hence given by Kq = L 2 (£Iq, Moj C). Then we use the disjoint union Q = f2o U ^1 with the 
measure /j = /Jo + Ml- We extend the functions /1 and /2 defined on f2i via Lemma f3.10l by 
fi(u>) = f 2 (u>) = I on r2o- We work with our standard model N = L oo (0, /j; M2) from section 3. 
We apply the central limit procedure Theorem 14.51 for the partition function /3(c) = q 1 ^ using 
Speicher's random model (see Corollary I2.8JI . Our generating set is given by 

S = {j(f) ■■ f£L 0O (n, f x;C)} . 

Let M(S) be the von Neumann algebra generated by the spectral projections of elements u q (s), 

s £ S. Since Ut leaves S invariant, we can apply Proposition 15 .51 and find a normal faithful state 

preserving conditional expectation E : M — > N{S). Using the combinatorial formulae (|3.15|) and 

(|3.1[) . we see u q (S) and s q (S) have the same moment formulae and satisfy the growth condition. 

By Corollarv l2.3l and Theorem l5.31 we conclude that N(S) and the subalgebra T q (S) C T q (K, Ut) 

generated by s q (S) in the Fock space construction are isomorphic via an isomorphism respecting 

the state and the modular group. Moreover L^O, fj) n L 2 (£l,{i) is dense in L 2 (Q,/i) and the 

1/2 

map Ug i2 ■■ L 2 (Q,n) —>■ L 2 (T q (K,U t )), u q>2 (f) = s q (f)D v ' ac is an isometry. Here D vac is the 
density of the state given by the vacuum. For —1 < q < 1 we know that s q (f) is bounded and 
hence s q (f) = SOT — lim s q (fk) also belongs to the von Neumann algebra T q (S) (see [SHTj and 
jHiaj ) . Thus F q (S) = T q (K,Ut) and (|5.5|) holds for arbitrary elements by approximation (see 
e.g. |21 Lemma 2.3]). 

For q = 1 the argument is slightly different because we can no longer define T\(K,Ut) as 
generated by the unbounded operators {s\ (h) : h £ K}. In that case we recall Segal's formulation 
of the commutation relations given by a complex Hilbert space Hjj and a family of unitaries 
W{h): 

(5.6) W(h 1 + h 2 ) = e-sMfci-ha) an d (Sl,W(h)Sl) = e~^ 2 . 

Then we have 

Y X {K,U t ) = RsegaliK/Hu) = {W(h) : h £ K}" . 

In Example 13.91 we have calculated the form B(f,g) = limfj(j(f)j(g)) = (A(f),g) which de- 
termines Ti{K,U t ). Here we have A(f) = (f 2 - f x )f. For / £ L^^C) n L 2 (fi;C)S we 
know by Theorem 14.51 that the unitary W(f) = e iui &( 2 1/2 /)) £ J\f(S). Using Remark 13.51 and 
the fact that a(A(S)) is dense in L 2 (M(S)) (see also the proof of Theorem 15. 3 j) . we find the 
same commutation relations as in (|5.6|) . Since the commutation relations uniquely determine 
Rs e gai(K / Hjj) , we see that the Ti(K, U t ) and the algebra M(S) C M(S) generated by the fam- 
ily {W(f) : / £ S} C M(S) are isomorphic with respect to a state preserving homomorphism. 
(Alternatively, we may apply Theorem 15.31 to the real and imaginary parts of these unitaries). 
Note that Af(S) is invariant under the modular group and thus Takesaki's theorem (see jStrl 
Theorem 10.1]) yields a normal state preserving conditional expectation onto Af(S) (in fact we 
have M(S) = M(S)). Formula (|5.5|) is obtained by differentiation for elements s £ S. In order to 
show that (|5.5|) holds for arbitrary elements in K, we recall that the distribution of u\(j{f)) with 
respect to (ft is the normal distribution N(0, \\f\\ 2 ). Thus we have ||^i(j(/))||p < c^p + 1||/||2- 
According to Lemma [4.21 we deduce \\ui(j(f))Dp\\ < c^/p~+T\\f\\ 2 . By density we obtain 
(1531) . ■ 
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Remark 5.7. In order to determine the type of Ti(K, Ut), we may transform Segal's represen- 
tation into Weyl's representation W(h) = e v 2 ( Re C0rM'0 jj (Re(h))V (Im(/i)) . According to |Araj 
we get 

Yx(K,U t ) = {W{h) : h G K}" = {U (Re(h))V (lm(h)) : h G K}" = R(K\, p(K\)/K) . 

Here K\,Ki and p are chosen according to the definitions before Corollary 13.71 such that 
(lipid)) = (/> (f2 — fi)g)- Thus the type depends only on the spectrum of 1 + I/2 — /i| • 

Remark 5.8. 1) As an application we obtain a generalization of a very recent result of Nou 
[Nou] : The von Neumann algebras T q (K, Ut) are QWEP or equivalently allow 'matrix models'. 
Although it is open whether every von Neumann algebra is QWEP, it is sometimes difficult to 
verify this property explicitly. Let us recall that a C*-algebra has WEP if A C A** C B(H) 
and there is a contraction P : B(H) — > A** such that P\a = id\A- A C*-algebra B is QWEP if 
there exists a C*-algebra A with WEP and a two sided ideal I C A such that B = A/ 1. Since 
the QWEP property is stable under ultraproducts and conditional expectations (see e.g. [J3]). 
we deduce that the algebra M(S) is QWEP because in this case the von Neumann algebra M 
in Theorem l4.5l is constructed from an ultraproduct of type I von Neumann algebras. The same 
argument applies for the algebra M[— 1, 1] from Corollary 14.61 

2) More generally we may define a von Neumann algebra Tp(K,Ut) given by a partition 
function (3 constructed as in 12.21 and an inclusion K C Hu as above. We define a positive 
functional on A(K) by 

m_ 

2 

(5.7) <j>p(xi (g> • • • ® x n ) = ^2 @( a ) X\i x h-> x 3i)u ■ 

°"={{*i (31 }>■■■>{* ™ J™ }}S-P2(m) i=l 

This induces a Hilbert space (A(K), (,)/?) obtained by completion of (a, b)p = <f>p{a*b). Accord- 
ing to Lemma I3.1UI it suffices to consider our standard model N = L oo (0, p; M2) with functions 
fx + fz = 1. The growth condition is satisfied for |/| = max{||/||2, ||/||oo} and S the set of self- 
adjoint elements of the form x = ei2® f + e2i &>/> / G L^. Hence the ultraproduct construction 
Theorem 14.51 provides unbounded operators sp{x) affiliated to Ny. Using Proposition 15.51 we 
see that the von Neumann algebra Np(S) generated by the spectral projections admits a state 
preserving conditional expectation. In order to extend this representation to all elements in K, 
we introduce the new length function \x\u = \\x\\u and note that 

lim<Waj <g> e ZXj ® bj) = <^a(a (g> e zx <g> b) 
j 

holds whenever we have convergence limj Xj = x, limj aj = a, lim^ bj = b in Hu. By density 
we find an isomorphism u between the completion of A(K) with respect to the scalar product 
induced by (f>p and L2(Af(S), 4>u). For a selfadjoint element x = ex2 ® f + 621 <8> / we choose an 
approximating sequence with fj G Loo an d define XJf = w* — limj e lts ^ x ^ using an ultra-limit 
in the weak operator topology. For b G A(K), we may also define the measure p = w* — limj p^ 
of the measures p J b (A) = f A (u(b),dE^ x ^u(b)). Using the length function \xj\u we see that 
the growth condition is uniformly satisfied for all j, hence also for p. From this we deduce 
strong convergence Uf = limj e ltXj and multiplicativity U x Uf = U x +t . We find a von Neumann 
algebra Tp{K,Ut) generated by {e lts ^ x ') x eKi complemented hxMu- Moreover, by construction 
Tp(K,Ut) is QWEP and H5.7|) holds for the generators. It would be interesting to know what 
kind of functions (3 defined on the pair partitions have similar properties. 
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6. An inequality for sums of independent COPIES 

In this section we will prove the main inequality of the paper based on an appropriate concept 
of independent copies. Let us fix von Neumann algebras M C M, and a normal, faithful, 
conditional expectation E : N — ► M. Let M C A, B C N be subalgebras. A and B are said to 
be independent over E if 

(6.1) E(ab) = E(a)E{b) 

holds for all a G A and b £ B. We are indebted to C. Kostler (see |Kosj ) for pointing out the 
condition ii) in the following Lemma: 

Lemma 6.1. Let A and B independent over E. Let <pM be a normal faithful state on M such 
that af u ° E (A) C A. 

i) There exists a conditional expectation Ea '■ — * A such that 

E A (b) = E{b) 

for all b E B. 

ii) Let ai,a,2 E A and b G B. Then 

E( ai ba 2 ) = E(aiE(b)a 2 ) . 

hi) Let a, b G M m (A). Then 

\\(id®E)(a*b*ba)\\ < \\ (id ® E)(a*a) \\ \\ (id ® E)(b*b)\\ . 

Proof. If (pM is a normal faithful state on M, then <f> = 0m o E is a normal faithful state on M 
such that af m oE = E oaf (see (Conj). Then Takesaki's theorem implies that E is the unique 
conditional expectation such that 

cj)(ab) = 4>(aE(b)) 

holds for all a G M and b G N . By assumption on the modular group, we may apply Takesaki's 
theorem (see |Strl Theorem 10.1]) and find a normal conditional expectation E A '■ AA — > A which 
is characterized by 

<t>(ab) = 4>(aE A (b)) 

for all a G A, b G M. However, by independence and the module property of E we deduce 

<f>(aE A (b)) = cf(ab) = 4>m(E(ab)) = <t> M (E(a)E(b)) = <h&(E(aE(b))) = <j>(aE(b)) 

for all a G A and b G B. Now, we prove ii). Let us consider a± G A, a ^-analytic element a 2 G A 
and m G M. Then, we deduce from i) 

(j>(mE(aiba,2)) = </>(mai&a 2 ) = 4>(af (a 2 )maib) = 4>(af (a 2 )maiE A (b)) 

= 4>(o~f (a 2 )maiE(b)) = 4>(maiE(b)a 2 ) = 4>(mE(a\E(b)a 2 )) . 

Since this is true for all m G M, we deduce ii) for analytic elements a 2 . By approximation with 
bounded nets of analytic elements in the strong topology, the assertion follows for general a 2 . 
For the proof of iii) we first note that M m (^4) and M. m (B) are independent over idm m <8> E. 
Indeed, we deduce from linearity that 

(id Mm ® E)(ab) = [E(^2a ik b k j)]ij = E(a ik )E(bkj)}ij = (id Mm <8> E)(a)(id Mm <8> E)(b) . 

k k 
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If <f> is a normal faithful state, then <j) m = ^ (g) (j) is a normal faithful state on M m (VV"). It is 
easily checked that the assumption on the modular group on A implies the same assumption on 
the modular group for M m (A). Hence condition ii) holds on the matrix level. By positivity we 
deduce 

(id Mm ® E)(a*b*ba) = (id Mm <8> E)(a*(id Mm E){b*b)a) 

< \\(id Um ®E){b*b)\\ (id Mm ®E){a*a) . 
Taking norms implies the assertion. ■ 

We will now discuss the notion of subsymmetric copies needed for our key inequality. This 
notion is closely related to the order invariance discussed in |KSj . We refer to |Kiimj for more 
information on the notion of white noise in the continuous setting which seems to be closely 
related. We will consider an inclusion of three von Neumann algebras 

McM c N . 

We will always assume that we have normal faithful conditional expectations E : N — > M and 
£ : J\f — > M. such that E\m o £ = E. A system of subsymmetric copies (M, M., TV", a\, a n , E) 
over M (strictly speaking over E) is given by faithful normal isomorphisms «j : M — > Mi C N 
such that OjoB = Eoa, holds for all i = 1, n and 

(6.2) E(a h {ai) ■ ■ ■ a im (a m )) = E{a h (a 1 ) ■ ■ ■ a jm (a m )) 

holds for all Oi, a m £ M. and order-equivalent functions i, j : {1, m} — > {1, n}. We recall 
that two functions i,j are order equivalent if 

ik < k Jfe < Jl 

holds for all 1 < k, I < m. Subsymmetric, not necessarily symmetric, copies appear naturally 
in the context of iterated crossed products (see PR ). For our proof we need a slightly weaker 
assumption. We say that (M, a\(Ai ),..., a n (7W),AA, E) are top-subsymmetric copies if (|6,2|) 
holds for i and j of the special form 

A{l,...,m}\A = j|{l,...,m}V4 

| .A | < 2 such that k £ A implies 

ik = maxjij : 1 < I < m} and jk = max{j; : 1 < I < m} . 

Intuitively speaking we are only exchanging at most two top values. (M,Ai,M, «i, ...,a n ,E) is 
called a system of independent subsymmetric copies if in addition the von Neumann algebra Mi 
generated by Uj<i on{M) is independent of ai{M) over M for all i = 1, n (see e.g. BGJSl f° r 
more information). We will use the term top-subsymmetric independent copies if the system is 
top-subsymmetric and the dependence condition is satisfied. 

In our applications, we will often find a stronger assumption of a system of symmetric in- 
dependent copies (M, a\(M.), a n (Ai), M, E). This means that the independence condition is 
satisfied and 

(6-3) E(a il {a l ) ■ ■ ■ a im {a m )) = E{a ui i l) (ai) ■ ■ ■ a. a{jm) {a m )) 

holds for every function i : {l,...,m} — > {l,...,n} and every permutation a of {1, n}. It 
is clear that this condition implies top-subsymmetry by considering an inversion (ikjk) of the 
largest elements. We observe that ()6.3[) induces an automorphisms a^,i) °f the von Neumann 
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algebra A4 n generated by a\{M), a n (M.) which interchanges elements of ctk(M) and a>i(M) 
while leaving all other elements fixed. Here are some examples. 

Example 6.2. Let N = M <g> N® n and M = M <8 Tr n (N). We define an automorphism «j by 

ai(m (8 x\ (8 • • • (8 (8 t8 xi + \ (8 ■ ■ ■ (8 x„) = m xi (8> • • • <8> Xj-i (8 x n (8 Xj +1 (8) • • • (8 x^ . 

If </>m, <j>N are faithful normal states then <j> = 4>m <8 4*% n 1S a faithful normal state on J\f. 
The conditional expectation E is given by id <^fr™. Then it is easily checked that (M (8 
1, A4, A/", (ai)i=i,..,n) 0) is a system of independent copies. The same argument applies in the 
free product situation ftf = M (8) *i=i,..,n(Af, 0) where A4 = M (8 7r n (iV) is given by the n-th copy. 
In the next example we extend this to g-independent copies. 

Example 6.3. Let N = ^(^(Ma)) and 

n 

= -/ij)xn(i,j) +/x j x 22 (i,j)] • 

i=l jeN 

We assume that (^fc(n)) satisfies the assumptions of Theorem 14.51 and denote by (5 the resulting 
partition function. We consider the algebra J\Fp C Ny generated by the spectral projections of 
the selfadjoint operators {u(x)} x ^pf sa a from Proposition 14.31 Recall that by Corollary 12.31 the 
growth condition is satisfied and hence Ng is uniquely determined by the partition function (3. 
Now, we consider the ^-preserving automorphisms 

According to Theorem 15.31 we find ^-preserving automorphisms : AA — » AA such that 

ai(-u(x)) = u(7i(a;)) . 

Let / n be the projection onto the last coordinate in P^. Let M. C A/g be the subalgebra 
generated by {u{x)} fnXfn ^ fnNfn)saa . Using af u {u(x)) = u(of(x)) we may apply Proposition 
15.51 and find a conditional expectation E : Np — > M.. Then (C, A//3, ai(A4), a n (.M), (f>p) is 
a system of independent copies over cfty. Tensor ing with matrices M m , we find examples of 
independent copies over idm m 8> <fiu- 

For our proof we need some facts from modular theory. Unless stated otherwise we will 
assume that M is cr-finite. Let </>m be a normal faithful state. Then we find normal faithful 
states 4>m = 4>m ° E\m and = </>m ° E on M. and M respectively. Due to the work of Connes 
|(Jon| it is well-known that then 

(6.4) a? M (M)cM , a? (M) C M 

holds for the modular group of the corresponding states. Moreover, from E = E£, we deduce 
= £ an d hence we also have 

(6.5) crf(M) C M . 

Lemma 6.4. Let (M, a\(M), a n (M), M, E) be a system of symmetric independent copies 
and N = Ai n the von Neumann algebra generated by ai(A4), a n {M). Then there exist 
conditional expectations 8% : M — ► Mi such that 



(6.6) 



£i(x) = E{x) 
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holds for all x € ai + i(M). Moreover, we have 

(6.7) on o af M = af o on . 
and 

(6.8) <fi o on = 4> and Si = oti o £ o 
for all i = 1, n. 

Proof. We observe that aj^ : -A/f n - ► A^ n is an automorphism of M n such that ol\^\m = 04. 
Moreover, our assumption implies that we have E o ai i = E. This allows us to define E{ = 
atiSatij. We observe that 4>\ ai (M)°^i = 4>- By Connes's result |(Jon| we find 1)6 .7|) . The equations 
(|6.8j) follow from ckjIm = id and the uniqueness of the cxf invariant conditional expectation. Since 
Mi is generated by a\{M), ...,a>i{M) we deduce that Mi is also af invariant. This allows us 
to apply Lemma to apply Lemma 16.11 i) and deduce ()6.6I) . ■ 

We will say that (M,ai(M),...,a n (M),M,E) is a conditioned system of top-subsymmetric 
copies of in addition 

at M ° E ( ai (M)) C Oi(M) 

holds for a normal faithful state (pM E on M. We will keep this (minimal) assumption for 
the rest of this section and the notation <fi = <pM. E. Let us note that in particular, the von 
Neumann algebra Mi generated by a\(M), ...,ati(M))) satisfies 

4 {Mi) c Mi 

In particular, we find erf -invariant conditional expectations Ei : Af — > o^(M) and Si : J\f — > Mi- 
Let us fix some further notations which will be used in the proof. We denote by D the density 
of the faithful normal state <f>. For an element x G Af, we may define 

ati(xD) = oti{x)D . 

Then 

\\a i (xD)\\ l = sup \<j){yai{x))\ = sup \<j)(Ei(y)ai(x))\ = sup \<j>(S(y)x)\ = \\xD\\ Li(M) . 

Ih/ll<i lly||<i ll»ll<i 

We refer to [JX1 for the natural extension of E and Si, i = 1, ...,n on L p (Af). We refer to j.l lj 
for the space L\{M, E) to be the completion of MD under then norm 



1 

\ xD \\li(M,e) = \\ de ( x * x ) d \\l 1 (m) 

1 



(DE(x*x)D)2 



Li(M) 

It is easily checked that L\(M,E) = L2{M)L2{M). Moreover, we have a natural duality bracket 
between L\(M, E) and the Hilbert C*-module L DO (A / i, E) defined as the completion of M with 
respect to the norm ||x|| Lc m = ^(x*^)!! 1 ^ 2 . Indeed, we have 



1 



1 



\tr(x*y)\ < \\E(x*x)\\l E(y*y)* 

L\ (Ml) 

For more information on this Cauchy-Schwarz type inequality and the fact that L oa {M,E') 
embeds isometrically into the antilinear dual of L\ (M ,E), we refer to j.llj . We will also use 
the notation L\{M,E) = L2(M)L2{M) for the completion of DM with respect to the norm 
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H^Hl^a-i e) = \\ x *\\lc(m E)- The following 3-term quotient norm is the central object in this 
section 



x 



K„,, 



inf 

X=X1+X2+X3 



n ll x lllLi(A4) 



E(x* 2 x 2 



Li(M) 



+ Vne 



E(x 3 x* 3 



Li(M) 



Here, we allow x 2 G L\(M,E) and £3 E L\(M,E). The parameter e > will be chosen in a 
convenient way later. We will also use the symbol K ri)£ (.M, £7, 0) for the space L\{M) equipped 
with this norm. In our context it is convenient to use the following antilinear duality 

(6.9) ((y,x))n = ntr(y*x) . 

The following Lemma is a minor modification of |J31 Lemma 6.9]. 

Lemma 6.5. The dual space of~fK ne (M, E, (f>) with respect to the duality bracket (( , )) n is M 
and the norm is given by 



h\Wl te = max {llyllA4 > e 2 Vn\\E(y*y)\\^,e 'Vn\\E(yy*)\\fa} . 
The main inequality of this section is to show that for e = 0.01 we have 



(6.10) 



IK, 



< cE 



i=l 



Here (e«)" =1 are independent Bernoulli variables, i.e. Prob(ei = ±1) = ~. Of course, we will first 
apply the noncommutative Khintchine inequality (see |LPPj 1. In |LPPj the Khintchine inequal- 
ity was formulated for the characters (e 27T ^~^ 2 ')j. Together with the well-known contraction 
principle (see |LTI[ ILTH] ) we may replace the characters (e 1 ' K ^~^ 2% )i by Rademacher variables 
(si)i. This implies 



E 



(6.11) 



y^gjQi(^) 



i=l 



< inf 

ai(x)=Ci+di 



i=l 



< 2(1 + V2)E 



i=l 



Therefore a lower estimate for Ya=i £ i a i( x ) ma y be obtained by finding elements in y±, y n £ M 
whose row and column norms are controlled simultaneously. The first impulse is to use the 

elements y\ = a\{y), ,y n = a n (y). However, there we have no good norm estimate for the 

square function of these elements. The key idea in our proof is to define the following elements 
starting from a contraction y £ Ai: 



and b 



y y 



a - v J- - yy 
Yi = oti(y) , 

Ai = a\ (0)02(0) ••• cti-i (a) and Bi = a^i (b) ••• a 2 {b)a\(b) 
Note a, b are well-defined and Ai and Bi are contractions. 
Lemma 6.6. With the definitions above, we have 



^(AiYiB^AiYiBi)* 



i=\ 



< 1 



^{AiYiBiYiAiYiBi 



i=i 



< 1 
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Proof. By symmetry it suffices to consider the first term. Since the B^s are contractions, we 
have 

n n n 

i=l 8=1 i=l 

We will inductively rewrite this sum as follows: 

n n 

1 - AiYY*A* = 1 - ai (yy*) - £ A^Y* A\ 

i=l i=2 
n 

= 1 - ai{yy*) -} j a 1 (a)a 2 (a) ■ ■ ■ a i ^ 1 (a)a i (yy*)a i - 1 (a) ■ ■ ■ a 2 (a)a 1 (a) 

8=2 

= a\(a)a\(a) — a\{a) I 02(0) • • • oti-i(a)ai(yy*)ai-i(a) ■ ■ ■ 02(a) I a\{a) 

\i=2 ) 

= ai(a) 1 - ^a 2 (a) • • • ai-i(a)ai(yy*)ai-i(a) • • • a 2 (a) «i(a) 



i=2 



= ai (0)0:2(0) ■ ■ ■ a n (a)a n (a) ■ • • ai(a) > 0. 
This implies Ya=i AiYY*A* < 1 and the assertion is proved. 

The next (slightly technical) lemma explains why we need independent copies. 

Lemma 6.7. Let e < e _1 and ||y||.Rr* < 1- Let i € {1, .., n}. Then we have 

i) £"(01(0)02(0) ••• Oj(a)) = E[a) 1 , E[oii(a)a,i-i{a) • • • ai(a)) = E[a) 1 , 
E( ai (b) ■ ■ ■ a 2 (b)a 1 (b)) = E(b) i ,E{a 1 (b)a 2 (b)---a i (b)) = E(bf. 

ii) ||l-£(a)|| < f, ||1-^)|| < f. 

iii) IIEiLi 1 -^ )^ 1 !! ^ een > IIEr=i 1 -- B ( 6 )^ 1 ll ^ een - 

iv) 



f>((l-A)(l-A)*) 
i=l ^ ' 



< 2een , 



X>((i-^)*(i 

i=i v ' 



< 2een . 



Proof. It suffices to prove the inequalities involving a's. In order to prove i), we note that by 
af -invariance, the conditional expectation E is unique. Therefore E = E o Si. From (|6.6f) and 
independence we deduce that 

E(ai(a) ■ ■ ■ ati(a)) = Ey£i-i(ai(a) ■ ■ ■ a%-i(a))cxi(a)^ = EyE(ai(a) ■ ■ ■ Oi_i(o)) Oj(o)^ 
= E(a\{a) ■ ■ ■ ati-i(a))E(a) . 

By induction, we get 

E( ai (a) ■ ■ ■ ai(a)) = E(a) 1 . 

For the proof of ii), we note that for < t < 1, we have 1 — y/1 — t < t. By functional calculus, 
we obtain from the assumption on y 

£ 



l-E(a) = l-E(y/l-yy*) = E(l - y/l - yy*) < E(yy*) < 
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In order to prove iii), we first recall that for t < e , we have 1 — t > exp(-et). By functional 
calculus, this implies 



1 > E(a) > 1 - - > exp(- — ) 
n n 



Hence, for all £ = 1, .., n, we have 



E(aY > exp(-ee) 



Using 1 — exp(— t) < t, this yields 

n 

^[l-#(a)* _1 ] < n(l - exp(-ee)) < nee. 

i=l 

For the proof of the last assertion iv), we deduce with ||a|| < 1 and i) 
E((l — a\{a) ■ ■ ■ Qj_i(a))(l — ai(a) • • • ai-\(a))j 

= 1 — E(a\(a) ■ ■ ■ Qfj_i(a)) — E(cti-i(a) ■ • • «i(a)) + E(a\{a) ■ ■ ■ aj_i(a)aj_i(a) 
< 2 — E(ai(a) ■ ■ ■ aj_i(a)) — E{a.i-\{a) ■ ■ ■ ar(a)) 
= 2(l-E(ay- 1 ). 
Therefore, iii) implies 



ai(a)) 



E( (l — «i(a) • • • aj_i(a)) (l — «i(a) • • • aj_i(a))* J 



< 2nee . 



Lemma 6.8. Let E n : M — > a n {M) be the af invariant conditional expectation and A%, Bi as 
above. Let ee < 2 and z € A4. Then 



Y^o^eMi - Ai)a n (z)(l - Bt)\ 

i=l ^ ' 



< 2ne\fk~ II^Hjk* 



Proof. We first consider the norm estimate in A4. By the Cauchy-Schwarz inequality |JTj and 
Lemma 16. H i), we deduce 



- Ai)a n (z)(l - Bi)) 

n 

Y^E n ({l-A t )(l-A t y) 



Af 



8=1 



< \\z*Zp 



\z z\\ 2 



Af 



J2E n ((l-Ai)(l-Ai) 



J2E n ((l-B i ya n (z*z)(l-B i )) 

n 



8=1 



Af 



i=l 



Af 
i 

2 



A/" 



i=l 



Af 



££((1 -£;)*(!- 



1=1 



Ar 



Here we used 1 — Aj, 1 — Bi £ -M n _i for all £ = 1, n. Then Lemma 16 . 71 implies that 



(6.12) 



J>((l-^)(l-4 



i=l 



< 2ene and 



^^((l-^ra-^)) 



i=i 



< 2ene. 
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Thus we get 



«n^n((l - Ai)a n (z)(l - Bi)) 



1=1 



< 2een \\z\ 



M 



M 



Now, we prove the estimates for the conditioned norm. We observe that 

n n 

B = Yl e M ® ( X " B i) G ^n(M n -i) and A = ^ e h* ® C 1 ~ A i) G Nl n (M n -i] 



i=i 



i=i 



Since the A-'s are contractions, we deduce 



\\A\\ < y/n sup [|1-A;|| < 2yfn . 
i=l,..,n 

Similarly, \\B\\ < 2^fn. Now we apply Kadison's inequality E n (x)*E n (x) < E n (x*x) (see |Pauj ) . 
Lemma 16. II iii) and (|6.12() : 

£l^a; l £ n ((l - A i )a n (z)(l - [f^a- l E n {(\ - A)a n (z)(l - B<))) 

e(e u {B*{1 ® a n (z)*)A*)E n (A(l ® a„(z))5) 
-E o £ n ( (8) a n (z)*),4M(l tg> a n 0))B 



< 



< 4n 



< [|AM[| \\E{B*{l®a n {z)*a n {z))B) 



i=i 



|E(a n (z*z))|| < 8n 2 ee||E(z*z) 



The argument in the row case is identical. Since \J2e < e and e < y^, we get 



^^^((l - Ai)a n (z)(l - Bi)) 



i=l 



< 2ney/e \ 



IK 



for all 5 > 0. Using 5 = e yields the assertion. ■ 

The next argument provides the lower estimate. 

Proposition 6.9. Let e = and N be a von Neumann algebra with normal faithful tracial 
state r. Let v%, ...,f n be unitaries in N . Then for every x S L\(N) 



R tk ^ 4 



inf 

Vi.T<3oti(x)=Ci+di 





+ 











Li(iV®jV) 



Proof. We may assume |M|]K ne = 1- We denote the right hand side without the factor 4 by 
LNF. By the Hahn-Banach theorem, we can find y £ A4 such that 

ntr{y*x) = 1 and 1 1 2/ 1 1 ik:* = 1 ■ 

For any decomposition Vi.r (g) aj(x) = q + dj, we deduce from Lemma 16.61 



i=l 
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< max 



^(AiYiBiYiAiYiBi 



i=l 



^(AiYiBMAiYiBi)* 



i=l 



< INF. 



( II (X] C i Ci ) 2 IUi(JV®A0 + II ( ^ ) 2 IUi(^®A0 
V i=l i=l / 

We will now complete the argument using an error estimate. For general y, a, b we will use the 
following algebraic identity. 

y -ayb = y - yb + (1 - a)yb = y(l - b) + (1 - a)y - (1 - a)y(l - b) . 

Let us introduce Pi(x) = V{.r ® aj(x) and y{ = V{ (g) l^-. Then, we deduce from the above that 



\ntr{y*x)\ 



< 



J2tr(Y* ai (x)) = J>(y?&(s)) 
i=l i=l 
n n 

^tr((Ay^)*A(>)) + ^tr(y*A(x)) - tr^y^)*/^)) 

i=l 

n 

^^(((^-1)^(1-^))*^^)) 



i=l 
< JJVF 



i=l 



+ 



£)tr(((i-^)yO*A(*)) 



i=l 



+ 



£)tr(( W (l-S0r/%(x)) 



1=1 



The three error terms will be treated separately. In order to estimate the first term on the 
last line, we remind the reader of (|6.9j) and that the trace is invariant under the conditional 
expectations. Using Lemma IfTTl i) together with the fact that (M., || || K * ) is a left M module, 
we obtain that 



i=l 



X>(y*(i-A*)A(*))I = |X>(ai(y)*(i-^(*))l = 

1=1 1=1 

n ra n 

^tr^^y^SCl-A*))! = l5>(y*£(l-.4*)*)| = |tr(y* ( £[1 - W X ]Hl 

n 

^[l-^ar 1 ]);, 



i=l 



i=l 



i=l 



1 

< - 

n 



i=l 

Similarly, we obtain 



! 1 1 JTY r > 



i=l 



< ee . 



For the remaining term we first top-subsymmetry and then Lemma 16.81 This yields that 
"jrtrUl-AMl-B^y&ix)) = ^trUl-A^aiiy^l-B^ra^x)] 



i=l ^ ' 



i=l 



£V ( £ n ((l - Ai)a n (y)(l - £;))*) a n (a 
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1 

< - 

n 



Y,a- l E n {(l - ^)a n (y)(l - Bi)) 



i=l 



Hence, we deduce that 

1 = \ntr(xy*)\ < INF + 2ee + 2e\fe . 

It turns out that for e = 0.01, we have 2e(e + y/e) < | and thus \ < INF. This completes the 
proof. ■ 

For the sake of completeness, we also prove the converse implication. 

Lemma 6.10. let x G L\{M). Then 



inf 

Vi.T®ai(x) = Ci+di 



E 

\i=l 



Ca Ci 



+ 



vi=l 



< inf (M) + yfn ] \e{x* 2 x 2 

X=Xl+X2+X3 ^L\J"i) || 

Proof. We define q = Vi.r ® oti{x). Then we have 



Li(M) 



+ Vn 



E{x 3 x* 3 



Li(M) 



E 



Ca Ci 



< ^ ||wjr (g> aj(x)|| = n||a;|| Li 



(A4) • 



i=l 



Moreover, let us recall that \\c*c\\ i < ||i?(c*c)|| i (see |Jlj). Since the v^s are unitaries, we have 



E 

i=i 



c > 



i=l 
n 



< 



y~]E(ai(x)*ai(x)) 



i=l 



n\\E(x*x)\\i . 



Similarly, we deduce ||X]™ =1 c^c* || i < n \E{xx*')\\. Hence for any decomposition x = x\+x 2 +x 3 
we deduce from the triangle inequality for Cj = V{.t ® ct%{x\ + x 2 ) and di = ViT ® on{x 3 ) that 



E< 



+ 



< n \\xi\\ + \fn E{x 2 x 2 )^ + \fn E{x 3 x* 3 ) 



A combination of Proposition 16,91 and Lemma 1(1 101 yields the main results of this section. 

Theorem 6.11. Let (Nl,J\4,J\f, (cti)f =1 , E,(f>) be a system of conditioned top-subsymmetric in- 
dependent copies. Let N be a von Neumann algebra with normalized faithful trace r and m be 
unitaries in N. Let x £ Li(M). Then 



— inf I n \\x-\\\ 1 , , -, + v n 
40 x= Xl +x 2 +x 3 \ 11 ^ 



E{x* 2 x 2 ) 2 



< inf 

ViT^ai(x) = Ci+di 

< inf n \\x 

X=X1_+X 2 +X 3 



Li(M) 

n > 
£ did* 



E(x 3 x* 3 )i 



Li(M) 



,i=l 



llliiCAO 



Li(M) 



+ x/n 



E(x 3 x* 3 



Li(M) 



Proof. For e = 0.01, we have ||x|| K < 10 H^Hj^ . Hence Proposition 16.91 implies the first 
inequality and the converse inequality is Lemma fo. 101 ■ 
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Corollary 6.12. Let (M.,A4,J\f,(ai)f =1 ,E,(f)) be a system of conditioned top-subsymmetric in- 
dependent copies. Let N be a von Neumann algebra with normalized faithful trace r and V{ 
unitaries in N . Let x E L\(M.) and {si) be independent Bernoulli random variables. Then 



inf 



X=Xl+X2+X3 

~200 E 



"IfiIIliCaO + v" 

n 



E{x* 2 x 2 )* 



Li(M) 



+ Vn 



E(x 3 x* 3 



Lj(M) 



Proof. This follows immediately from the noncommutative Khintchine inequality, see (Jfi.lH) . ■ 

Our main application is obtained for tensor products. 

Corollary 6.13. Let M and M be von Neumann algebras with normal, faithful states 4>m o,nd ip, 
respectively. Let N be a finite von Neumann algebra with faithful normal trace r and v±, v n £ 
N be unitaries. Let D n be the density of 4>m <8> ip® n , D be the density of 4>m <8> ip. Then 



E 



^2e k v k .r® (l®-K k )(y)D n 



k=l 



Li (iV(giM®M®« ) 



~200 inf n\\yiD\\ 1 

yD=yiD+y2D+Dyz 



+ sjn 

holds for every y G (I 



(DE(y*y 2 )D)i 



+ \?n 



(DE(y 3 y*)D) 



M) a . Here the infimum is taken over analytic elements. 



Proof. Let us assume 200 E £ k V k-T ® (1 ® 7: k)(y)D\\ Li{mMc$Ml g Jn) < 1. For x = yD G 

Li(M (g) M) we consider a decomposition 



yD 



X\ + X 2 + X 3 



where xi, X2 and 0:3 satisfy the corresponding norm estimates given by Theorem 16. 101 Then we 
may approximate x 2 and x 3 by elements of the form 

x 2 = y 2 D + x 2 and x 3 = Dy 3 + x 3 

such that y 2 and y 3 are analytic and 



W^IW Ll$mM,E) — n an< ^ \\^Z\\Ll(Nl®M,E) 
This yields 

yD = xx + x' 2 + x' 3 + y 2 D + Dy 3 and xi + x 2 + x 3 = (y - y 2 - a-i(y 3 ))D . 



e 

< - 

n 



Since the inclusions LI 
we deduce 



,E) c Lx(M®M) &nAL\ 



n 



\x\ + x' 2 + x' 3 \\ x < + 



n \\x 



2\\Ll 



, E) C Li(M(g>M) are contractive, 



< (1 + 2e) . 



E) + n \\ X 3\\ir(M®M,E) 



Thus the assertion follows with y\ = y — y 2 — <r_j(y 3 ). 
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7. Khintchine type inequalities 



In this section we combine the central limit procedure with the norm estimates from the 
previous section. Let us recall that for a sequence fi = (//&) C (0, 1) the von Neumann algebra 
ftf(fj,) is the completion of (S^M^ with respect to the GNS construction of the tensor product 
state (b u = 



Theorem 7.1. Let (a k ) be the generators of the CAR algebra, 0„ the quasi-free state satisfying 
(JU.2j) and £ Li(N(fi)) the density of Let M be a von Neumann algebra and x k € L\(M). 
Then 



<8> x k 



£i(Af(ju))®£i(M) 



~ inf 

Zfc = c k +d k 



Vk)c k c k ) 



+ 



Li(M) 



Li(M) 



We will need some notations from jj^l- For a Hilbert space -ff and a von Neumann algebra 

A 

A4 we denote by H r (g> Li(.M) the closure of H (g) L\(J\A) with respect to norm 



(s*,s)||! 

2 



Here the Li (A^)-valued scalar product is defined by 

(%2h k <g>x k ,^2lj®yj) = ^2(h k ,lj)x k yj 

k j k,j 

and the * operation is given by (^2 k h k ® x k )* = Ylk^k ® a;^. We refer the reader to [J3l 
sectionl] for more details on the operator space structure and to JSh for more information on 
Le -valued scalar products. Our motivation for this abstract definition is the Hilbert space ^(m) 
with scalar product (h,l) = ^2 k \i k h k l k . Let us denote by (e k ) the standard unit vectors basis. 
Then 



(7.1) 



^2 ek ® Xk 

k 



fi k X* k X k )2 

k 



Li(M) 



Similarly, we recall that H c (g) L\(M) is the completion of H ® L\{M) with respect to the norm 

More precisely, for x = ^2 k h k <g> x k we have 



' X "# c (g)Li(.M) 



(x,x*) = ^2(h k ,h t ) 



k,l 



r k X* = ^2(hl,hk)XkXi 

k,l 



For H = £ 2 this is consistent with H c L X (M) = {J2 k £ik®Xk ■ x k G L X (M)} C Lx(B(l 2 )®M). 
In particular, we have 



(7.2) 



^2 ek ® Xk 
k 



q(n)®L!(M) 



H k x k x* k )2 

k 



Li(M) 



The proof of Theorem 17.11 will use the central limit procedure and also work for the g-commuta- 
tion relations for — 1 < q < 1. By approximation, we shall assume that M is <r-finite. Again by 
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approximation, it suffices to prove Theorem 17. II for a finite number m of generators. This leads 
to the following data: N = P^(M.2) with weight 

m 

*P( X ) = /Ji 1 - IJ>k)xn(k) + Mfc^22(fc)] • 



fc=l 



We define T = m and 



(8) 7Tj(x) 



-fjfj. We use the normal faithful state 



where Vi € M 2 ™ are Clifford matrices satisfying ViVj ■ 

4>n = r n ® (^)® n on N n = M 2 " <g> N® n . We recall that on the Haagerup L 2 space L 2 (N,tr) we 
use (x, y) = tr(x*y). 

Lemma 7.2. Ze£ (pM be a normal faithful state on M. Let D be the density of 4>m <8> -Dm fre 



i/ie density of (ftm, and D n be the density of < 



\. Let y £ N <g> M. T/ien 



A? (u n ,T®id)(y)D. 



~-- )nn inf VTn 
y=?/i+?/2+!/3 



+ 



+ 



D2y 1 D2 

< 1 ^LM^J & £> 



L5(AT,ir)(giLi(M) 

Proof. Let us first mention the well-known absorption principle 



L§(JV,tr)®Li(M) 



E 



vk ® j/fc 



Indeed, the unitaries uifc = £ k ® v k £ ^oo({ — 1, 1}") (8> M 2 n also satisfy the CAR relations 
"Wfc^j = —WjWk-, Wk = and io| = 1. Therefore n(v k ) = Wfc extends to a trace preserving 
homomorphism from M 2 ™ onto the algebra B n generated by the w k - Using the trace preserving 
conditional expectation onto B n , we deduce 



E 



^2 £ k ® v k ® yk 



L 1 (JV„)®L 1 (M) 



Li(B n )®Li(M) 



^v k ®y k 



Li(M 2 n)®Li(A1) 



By approximation it suffices to consider analytic elements y S iV<g)M. We deduce from Corollary 
16.131 applied to z = a^i (y) that 



Dn {id<S>u n>T ){y)D. 



T -v. 

n 



Li(M®jV n ) 
n 

£iVi-T (8) (1 <g> 7Tj(z))D n 



^v i .T<g>£>I(l<g>7r i (y))I} 
i=l 



^200 



\/- ( inf n||ziL>|| 1 + Vn (DE(z*z 2 )^D)^ +^ (DE{z z z%)^D)\ ] 



Here i?(a <g) z 2 ) = T 1 ip(a)z 2 is the conditional expectation onto M. Given z = b k £g> z k we 
observe that 



z(D^D^) 
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^2ifj(b* k bi)D (f>M zlz l D 4 



k,i 



VT\\DE(z*z)D\\l = VT (DE(z*z)D) 



A similar calculation shows that for z = bk <8> Zk we have 
VT\\DE{zz*)D\\\ = llYtWkWDfazrtD^U 

= \\^(D}bi,D^b k ) La(Njtr) D lht z k ^D <hs \\l = \\{D~l®D 4 



'£|(JV,tr-)®Xi(M) 



Since the infimum is taken over analytic elements, we may define y\ = o i j 2 (z\)^y 2 = 0^/2(22) 
and 2/3 = cr_j/ 2 (-Z3) such that 

D^yD^ = zD = z 1 D + z 2 D + Dz 3 = D^yiD^ + D^y 2 D^ + D^y 3 D^ . 
This implies y = y\ + 2/2 + 2/3- For arbitrary elements the assertion follows by approximation. ■ 

The following Lemma is an easy adaptation of J3, Proposition 6.2]. Indeed, in the proof we 
may use that N is finite dimensional and that the modular operator S(x) = x* is bounded on 
L 2 (N, tp). Then the proof given for M = M m in j.T3j is easily adapted to this setting. 

Lemma 7.3. Keep the notations from the previous Lemma. Let U be an ultrafilter on the 
integers. Then 



lim 

nLi 



Dn (un,T ® id){y)D. 
{Dl®Dhy 2 {l®Dl 



Li(AT n (g.M) 



~200 inf 

y=y2 J rV3 



+ 



L5(JV,tr)®Li 



■l®DDyz{Dl®D 



L|(AT,tr)®Li(M) 



Proof of Theorem \7.1\ We fix m £ N. We denote by (5k) the unit vector basis in £™ and N = 
£™(M 2 ). We consider the selfadjoint subspace S C N generated by the elements Xk = 5k <8> ei2- 
We apply the central limit procedure Theorem 14.51 to u nj x(x) = T l / 2 n~ l / 2 ^™ =l Vj <g> TVj(x) 
where VjVi = —VjVj are anticommuting unitaries. We obtain an ultraproduct state <pu and a 
subalgebra M(S) C (]ln,w( M 2" ® N® n )*)* and a map u-i : S -> N u such that 

at(n-i(x)) = u_i(a?(x)) 

holds for all i G R and x £ S. In particular, we find a ^-preserving conditional expectation 
£ : — ► M(S). This yields a completely isometric embedding t : L±(Af(S)) — > L\(Nu). 
According to |J2j, Lemma 17^2*1 and Lemma we deduce for y = J2i fl ® x i that 



1 1 

lim (u n>T ® id)(y)D£ \\ 



Li(AT(S))(g.Li(M) 



Li(JV M )<g>Ia(M) 



^200 



inf 

2/=2/2+2/3 



+ 



L£(iV,tr) ®-Li 



L§(jV,tr)®Li(M) 
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Now, we consider the subspace K12 = span{<5fc (g) ei 2 : k = 1, m} C L^{N, tr). It is very easily 
shown that the orthogonal projection 

hi fl2 



P^ 



.12 



/21 /: 



2:2 



/12 




satisfies 



and 



-P12 8> ^ Ll(M) : L r 2 (N,tr) ® Li(M) -> L r 2 (N,tr) ® Li(M) 



< 1 



< 1 . 



P12 ® »dxi(M) : L c 2 {N,tr) ® Li(M) -► L c 2 (N,tr) ® Li(R 
Thus given y = X)fc ^fc ® e i2 ® 2/fe an d any decomposition y = ^2 + 2/3, we may define 

2/2 = {P®id){y2) = y^$k® ei2 ® ^fc and y 3 = (P® id) (2/3) = y~] <5 fc e 12 Wfc 



Z-5(iV,fr)®i/i(M) 



0M'' ll i r( A r !4r ) (glil ( M ) 



Then we have 
II Pj® ^1)2/2(1 ®L> 

< ||(Df ®D? )|| a 

The same argument works for 7/3. Hence it suffices to consider decompositions of the form y 2 
and 2/3 above. We note that 
1 1 

(D^(8 k <g> ei2),D^(5 k <g> ei 2 ))tr = *r((<^ ® e 2 i)D^{8 k ® e 12 )) = - Mfc) • 

Thus 



'i5(JV,*r)®ii(M) 



(E( i -^)^i^i)*( jD i^i)) | iu 1 



(M) • 



For the 2/3-term we find 



((5; (8) e 12 )D*, (5 k <g> e 12 )D^) = tr{D^{8 k 8i <g> e 2 iei 2 )) = ^Mfc • 

1/2 1/2 

Thus by approximation of with analytic elements of the form -D^ UkD^ , we obtain 



X) £, ^( U -l( <5 *® e 12)) £, ^® a; * 



ii(AT(5))(g.Li(M) 



~200 inf 11(53(1 - /i fe )4cfc) 2 1| + ||(V/i fc 44)2 

x k =c k +d k ^—^ 



(7.3) 

fc fc 

Now, we have to identify u-\{8 k ®e\2) with the standard generators satisfying the CAR relations. 
Indeed, we recall from Theorem 15.31 that we may assume that the map a : A(S) — ► L 2 (AA(5)) 
has dense range. This enables us to apply Lemma l3~T1 and to conclude that for b k = 8 k ® e\ 2 we 
have 



u_i (&*.)«_! (fy) + u-i(bj)u-i(b k ) = , u-i(bk)u-i(bj)* +u-i(bj)*u-i(bk) = 8 kj 



and 



(k((u-i(b* r ) ■••«_! (6? )«_i(6 J1 )---«_i(6 ia )) = (5 r , s JJ^^Mi 
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holds for all increasing sequences i% < %2 < ■ ■ ■ < i r and j\ < 12 < ■ ■ ■ < j s - Therefore Af(S) is 
indeed an isomorphic copy of the CAR algebra M2™ and <pu induces the usual quasi-free state 
(j)^. Thus we may replace U-i(b k ) by a k in (|7.3j) and the proof is completed. ■ 



Remark 7.4. Only minor modifications of this proof provide the Khintchine inequality for q- 
gaussian variables in the discrete setting. We use ./V = -£™(M2) with the weight ipu and the 
inclusion map j : — > L2(N, r ip). We have seen in Corollary 15 . 61 that the von Neumann algebra 
T q (K, Ut) and the von Neumann algebra ftf(S) generated by {u q (j(f)) : / G £™} are isomorphic 
and 7r(s g (/)) = u q (f). By construction, N(S) C Qln( L oo(^n; M n ) <g> iV® n )„)*. Moreover, we 
have a ^-preserving conditional expectation and hence a natural inclusion 

, <g> N® n ) . 



LiCAf(S))cTT Li(O n 



We deduce from Corollary 15.61 and analyticity that 



E^^)^®^n il(Ar(s)) ^ l(M) 

U n ,T(fl)Dn <g> X; 



1 



'l u Mj(fi))Dj u ^ Xl \ 



ii(AT(S))®Li(M) 



Li («„ ;Li (M„®iV®n (M) 



holds for all ej G £™ and X; G Li(M). Here u Uj t = y ^ Sj=i ^jl 11 ) vr^ (a;) and the Wj(n) 
are Speicher's random matrices (see Corollary 12. 8|) . We consider the special case fai = ^ an d 
/2/+1 = —iSi- The q-gaussian analogue of the elements a k are then given by 

1 1 

Q k{q) = ^[sg{h) -is q (i5 k )} = -{u g (j(5 k )) -iu g (j(i5 k ))) = u q (5 k ® e 12 ) . 

Therefore the argument in the proof of Theorem 17.11 shows that 



y^ j D^ ac a k (q)D 



vac 



X k 



-inf 



(J^C 1 - Vk)c* k c k )2 



Q2 w4<) 2 



Li(Af M )®Li(M) Li(M) fc Li(M) 

1/2 

where the infimum is taken over x k = c k + d k . For g = 1 we shall understand si(f)D vac as 
^W(y/2f)Dlil\t=o- Here {W(/) : / G £™(C)} is a family of unitaries in the Segal representa- 
tion (see the proof of Corollary I5.6j) . We may then extend s\ by linearity. 

Remark 7.5. In the continuous case we may assume that K = L2(/i;C), the inclusion map 
is given by j : K — > L 2 (N,ip), j(f) = f ® ei 2 + / ® ^21 and the weight is given by = 
/q[/iXh + f2X 2 2]dfi. As usual we assume fi + f 2 = 1. For / G L2(//;M) we shall now define 

1 



«,(/) = 2^0'(/))-^(i(^)))- 



Then we have 



2 

vac u 'q 



a q (fl)Dvac <S> Xl\ 



Li(r 9 («-,J/ t ))®Li(M) 



J 200 



inf 

fi®xi=c+d 



(M) • 



(7.4) ||( y cMM^)/iM^M)^IIl i( m) + ||(/ <o;)d(a;)*/2(^)^(a;))2|| Li 

Let us first assume that /2 = Ylk /2(&)1a* i s a finite simple function. Then Q7.4|) follows by 
approximation of the /i's by simple functions /; G L 2 {fl m , S, /i) where £ is a finite cr-algebra on 
S7 m = Ai U • • • U A m generated by by A\,...,A m . In that case the unitary group Ut = (/2//i) lt 
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leaves the subspace L2(O m , S, fx; C) invariant. This in turn implies that we have a conditional 
expectation E : T q (K,Ut) — ► r g (L2(0, S, /i; C), J7t) and therefore the norm estimates in L\ are 
preserved. By density we then obtain (|7.4jl for infinite simple functions. For general we 
consider the sequence 

f 2 = y 2h r h k+ i+ y (1-27)1 h h+1 

fc+l<-§ fc+l<-§ 

which converges to /2 everywhere. Then we may consider the density ip r given by (1 — /£, /£) 
and the vacuum state u; r on T q (K, Ut{r)). We use the ultraproduct 

M u Ce u (V\ T q (K,U t (r))*)*eu 

formed with respect to the support of the ultraproduct state (w r )V We define a generating 
system S C L2(//;C) of all bounded functions with support contained in one of the sets Q m = 
{lo : 2~ m < f2(uj) < 1 — 2~ m }. The advantage of this generating set is that for / G S the 
family af r (f) is uniformly bounded and af r (S) C S for all r. Moreover, the family (s 9 , r (/))reN 
satisfies the moment conditions in Remark 14 . 41 and therefore we find operators s q pi{f) affiliated 
to Mu such that 

I II I 

{Dfi,s qj u(fi) ■ ■ ■ s qi u{fm)Dfi) = lim(A3 r , s qr (fi) ■ ■ ■ s qtr (f m )DZ r ) 

r,u 

m 

^={{h,ji},-,{im L ,jm}}eP2{m) 1=1 

III 

e / w nw)j(/ii))- 

According to Theorem 15.31 the subalgebra M(S) C il% generated by the spectral projections 
of the elements {s q jj{f) : / G S 1 } is isomorphic to T q (S,Ut). Our choice of 5 also guarantees 
that M(S) is invariant under the modular group of the ultraproduct state. Therefore, we have a 
completely isometric embedding of Li(T q (S, Ut)) C L\(My[)- However, for every r the estimate 
(|7.4(1 holds up to a factor c(r) with lim r c(r) = 1. Thus the estimates also hold in the limit and 
hence for F q (S, Ut). By density, we may then extend it to T q (K, Ut). 

Remark 7.6. Let us note that for fixed < A < 1 we may find a function f£ with l/c(A)/i < 
fi < c(A)/i, l/c(A)/ 2 < fi < c(A)/ 2 such that / X A // 2 A G {A n : n G Z}. Thus we obtain the same 
estimates in a factor of type IIIa, see Theorem 13.111 for —1 < q < 1. For the border case q = ±1 
we may perform a similar construction using Remark 13.31 or Theorem 13.61 

8. Applications to operator spaces 

In this section we assume the reader to be familiar with operator spaces theory. We are now 
well-prepared for the proof of Corollary IU.31 

Theorem 8.1. Let Q be a quotient of R®C. Then Q embeds into the predual of the hyperfinite 
IIIa, < A < 1. 
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Proof. We will start with a general characterization of quotients of R © C. Such a quotient has 
a direct decomposition 

Q^R n @C m @{R@C/gi{D x )) 
where n,m £ NoU{oo} and gr(D\) = {(e^i, Afce^i) : k £ N} is the graph of a diagonal operator. 
Here « stand for a completely isomorphism u with ||«|| C 6||« -1 ||c6 < 4. Note that the sequence 
(Afc) might be finite as well. Let us briefly sketch the proof of this decomposition. Indeed, we 
consider the linear subspace S = Q 1 - C C © R and the projections ttc and 7Tr on the column 
and row component. By splitting off R m and C m , we may assume that ttc(S ± ) and ttr(S ± ) 
are dense. Then, we mod out by S D {0} x i? and SflCx {0}. By homogeneity this does not 
change the operator space structure. We obtain S C H r © K c such that S is the graph of an 
operator with domain in a separable Hilbert space H . Using homogeneity again we may assume 
that S C H r ®H C is the graph of a positive operator T on H r . By the spectral theorem (see e.g. 
|Kadl Theorem 5.6.2]) T is unitarily equivalent to a multiplication operator Mf(f) = fg on some 
L%{Q., //). Using a small perturbation, we may assume that / is an infinite sum of characteristic 
functions (changing the operator space structure of ^(/^©^(/^VsrapM-^/) om y by a constant 
(1 + £■)). By assumption L 2 {n) is separable and hence a suitable choice of the basis yields a 
diagonal operator. For more details on this argument, known to Xu and the author for quite 
some time, see also |Ps2j . 

Thus in the following, we have to find an embedding of Q(X) = R © C/graph(D^) such that 
(Afc) are positive integers. We observe that Q(X) has a basis (f k ) such that the quotient mapping 
q: R@C -> Q(A) is given by q((e lk , 0)) = -\ k fk and g((0, e kx )) = f k . This implies that 



^2 Xk ® 



Q(A)(g.Li(M m ) 



inf 



+ 



Ll(Mm) 



Li(M m ) 



Let fx k to be determined later. The change of variables c k = — (1 — ^fc) 1 ^ 2 c k and dfc = l ^ 2 d k 
yields 



E 



inf 



Q(A)(g.Li(M m ) 



(J^^ 1 ~ Vk)c* k C k ) 



Here the infimum is taken over ji, 
to hold we choose fx k = (1 + A 



1/2 



ii(M m ) 
-1/2, -1/2 



fe £l(Mm) 

c k + d k . For the last equality 



-2x-l 



Then Theorem 17. II implies that w(f k ) = p, k 1 ^ 2 D l J 2 a k D 



.1/2 



extends to a complete isomorphism w : Q(X) — > Li(M(fi)) = . However, and 

AA( / u) op are hyperfinite von Neumann algebras. If we want to accommodate the additional 
pieces R m and C m , we can use iV = B(£ 2 ) ®J\f(fi) op C B(£ 2 ) ®AT(li)° p . Using a conditional 
expectation, we can replace \x by a sequence // such that for every rational < A < 1 there are 
infinitely may // fc 's with fj, k = A/l + A. According to |AW69l section8], we deduce that M(/j,') and 
Af(fx') op are of type III].. Then J3(4) ®M{jx') op = M{^') op and we find a complete embedding in 
the predual of a hyperfinite IIIi factor. Due to the results of Haagerup, Rosenthal and Sukochev 
HRS , the predual of the hyperfinite IIIi factor also embeds into the predual of the hyperfinite 
III A factor for all < A < 1. ■ 



Remark 8.2. We learned from Haagerup that a von Neumann algebra admits a normal con- 
ditional expectation onto a copy of the hyperfinite IIIi factor if and only if the flow of weights, 
i.e. the restriction of the dual automorphism group on the center of the core, admits a normal 
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invariant measure. In particular, for those von Neumann algebras N we have an embedding of 
the predual of the hyperfinite factor in the predual of N. This implies that R(BC/Q completely 
embeds in N*. It is open whether every quotient of R(B C completely embeds into the predual 
of every type III factor. 

Remark 8.3. In our applications, we will often consider a concrete quotient Q = Q(X, v) of 
R@ C with basis (/&) satisfying 



£ fa ® x k 



Q{\,v)<g)Li{Um) 



inf , IK^ A fe c fcCfc)^||i + \\(S^y k d k dl)^ 

x k =c k +d k 

k k 



inf 

V^k+^k x k =c k +d k 



E^*»)*ii' + iE 



Afc + v k 



«fc«fc) 2 111 



Afc + v k 



^200 



X! vVUt^flit^ ® x k 



'ii(AT(/i))®ii(M m ) 



for all Xfc G Li(M). Here we used /j, k = x k +u k anc ^ ^Vfc( x ) = (1 — Hk) x ii + Hk x 22- Then is 
the density of the quasi- free state M on M([i). We obtain an isomorphism v op : (J — > Li(A/"(/i)) 
defined by 



; op (/fc) = y/\ k + v k Dla k D 



Let us make this even more explicit. We may use the transposition map 7r*(xi ® • • • i m ®l • 



x <g> 



® 1 • • • and obtain an isomorphism 7r* : ® k M-2 



) k wi 2 



such that (b,,Tr t 



7'- 



Therefore 7r* extends to an isomorphism 7r* : N(p>) — ► N(/-i) op . Note that a fc = a£ and hence 

^(/ fc )(vr'(x)) = (A fc + tr{Dla k Dl-K\x)) = [(\ k + v k )^ k (l - ^y 1 }^ tr(a k D^\x)) 
= [(Xk + ^fe)Mfc(l - Aifc) -1 ]^ (/>f 1 (TV t (x)a k ) = |(A fc + v k )^ k (l - /ifc) -1 ]^ ^(a^x) 
= [(Afc + v k )ii k (l - Hk)" 1 ]^ (pfM-at(x) = [(Afc + - ^fc)^ 1 ]^ a* k 4fj,(x) . 

This implies that -u op 7r*(/fc) = [(A fc + Vk) v k/X k ] 1/2 (j)^.al = [(A fc + v k )\ k /vk} 1/2 at-4>v is a complete 
isomorphism in the predual of J\f(n). 

Remark 8.4. We refer to |Ps2j for a characterization of operator spaces in Q(R © C) which 
embed in the predual of a semifinite hyperfinite factor. 

Before studying further applications to operator spaces, we provide an application of operator 
space theory to norm inequalities for linear functionals. 

Corollary 8.5. Let cft^ and 4> u be quasi free states on the CAR algebra. Let be a matrix 
with finitely many non-zero entries. Then 



y^ bij(ai.(j)^ &> Oj.0„) 



'j 



9ij 



+ 



(A%)<a^H)» 



Si 



V 1 - 



inf 

&ij — fij ^Qij^T^ij^r^ij 



;i - ^)(i - Vj 
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Proof. From Q1.2JI and IJl.ljl we deduce that 



E 6 



% jQ 1 {.<pp L 



cu.c 



Mi 



Mi 1 



Li(Ar(At))®Li(jV(^)) 



Now we consider the operator spaces 

= span{^ /2 a fc Z?y 2 : fc G N} and X(z/) = spliri{ £>y 2 a fc L>y 2 : fc G N} . 

with canonical basis /&(//) = D l J 2 akD]/ 2 and /fc(i') = D X J 2 a^D^J 2 . According to Theorem 17. II 
we have 

~200 ^(1 - M) e ^ 2 (/i)/A =: , 

where A = {(x,x) : x G £2(1 — m) ^ 4(m)} i s the diagonal, and the isomorphism is given 
by u(fk) = (ek,ek) + A. Let us denote the operator space defined by the right hand side by 
K (//). In |J31 Corollary 7.12] it is shown that K(fi) is completely contractively complemented in 
Li(M(n)) for some von Neumann algebra with QWEP. We denote the corresponding embeddings 
by u> M : K(fj,) — > Li(M(fi))) and u;„ : — ► Li(M(z^))), respectively. According to [J3l 
Lemma 4.4, Lemma 4.5] and |J31 Corollary 7.12], we deduce that 



" 1 



~9 I 



tt?(T c : - ~ 2002 7n(T c : K(ji)* - 

E^C^)® II, 

We may now apply j.T3| Lemma 5.1] and deduce that 
K(jm) ® «"(!/) = ^(1 - At) e ^(m)/a ® ^(1 - 1/) © ^2»/ A 

= 4(N 2 ; (1 - fj) <g> (1 - 1/)) 4(1 - M) <8>tt © 4(M) ®tt 4(1 -v)® 4(N 2 ; /u (8) i/)/A © A . 

Here -ff ® n K = S\(H,K) is the Banach space projective tensor product and can be calculated 
using the norm in the Schatten class. The assertion follows from a change of variables. ■ 



Remark 8.6. Following Remark 17.41 we know that X([i) and 

X free (fi) =sm{D 1 J 2 a k (0)D l J 2 : k G N} 

are completely isomorphic because they both satisfy the formula in Theorem 17. 11 In the case of 
free random variables this result follows by easily duality from Pisier's estimates in |Ps2j . Pisier 
also proves the complementation result in A// ree (/u). This yields slightly better constants than 
using the results from |J3j . 

Problem 8.7. Describe the operator space structure of spanjajOj-.c/)^ : i,j G N}. 

Corollary 8.8. Let X be a separable operator space. Then X and X* embeds into the predual 
of a hyperfinite factor if and only if there exists subspaces S C R © C such that X is completely 
isomorphic to a subspace of R®C/S. 
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Proof. Let X C Q = R © C '/ S be a subspace of a quotient of R @ C. Then Theorem 18.11 
implies that Q and hence X embeds in the predual of the hyperfinite IIIi factor. However, 
(R © C)* = C © -R is completely isomorphic to R @ C. The duality between subspaces and 
quotients implies X* G QS((R © C)*) = QS(C © i?). It is an elementary fact in Banach space 
theory that QS(X) = SQ(X). This also holds true in the category of operator spaces. Thus 
X G SQ(R(B C) implies X* G SQ(R(B C) and hence both embed in the predual of a hyperfinite 
IIIi factor. Since the predual of a hyperfinite factor has the completely bounded approximation 
property, the converse follows from Pisier/Shlyahtenko's Grothendieck Theorem |PS1 Theorem 
0.5ii)]. ■ 

The following result motivated our approach. 
Corollary 8.9. The operator space OH embeds into the hyperfinite factor, < A < 1. 
Proof. In |J3j . we found the densities f\ = 1/t and fa = 1/1 — t with respect to fj, = 



dtj-!\\J t(l — t) © to, to the counting measure. In this case the spectrum fa/ fa is continuous. 
Both embeddings using the CAR and CCR relations lead to the hyperfinite IIIi factor. The 
results of of Haagerup, Rosenthal and Sukochev HRS complete the proof. ■ 

We want to discuss two concrete embeddings for the interpolation spaces R p = [R,C]i, see 

^ V 

|Pslj for a precise definition. We will need the results from |JX3j . The space R p has a basis (g^) 
such that 



.1) 



9k © x k 

k 



_R p (g.Li(M m ) 

Here j G Z and the coefficients satisfy 



inf 



(8.2) 



kj 



j > 1 

3 = 
j < 1 



+ 



kj 



Corollary 8.10. Let (fikj) be a double indexed sequence such that fikj = o~j- Let iflkj) be a 
double indexed sequence of generators of the CAR algebra satisfying (|U.2JI . Then the map 



-§4^ + ^(l + |j|) P 2 n M 



'V u kj- 



v(9k) = ^(1 + |j| 
defines a complete embedding of R p in A/"(/i)« ■ 

Proof. This follows immediately from (|8.1jl and Remark 18.31 In order to obtain absolutely 
summable coefficients, we observe that for j > we have [o~j(l — 

"iY 1 ] 112 ~c (1 + \j\)~ p ' /2 - In 

that case we use 4> p -a* k -. For j < we prefer and find [(1 — CjVj 1 ] 1 / 2 ~ c (1 + \j\)~ p ^ 2 - ■ 

In our next application we want to find an embedding of R p in with some control of 
to = m(p, n). We refer to |JXlj for the following result. Let A > 1. Then there exists a constant 
c(p, A) such that 

(8.3) 



X] 9k © %k 



J c{p,\) 



i? p ®Li(M m ) 



inf 



: E 

feeNj'ez 



+ 



( ^ A Pd ifc ^ fc )3 

fceNjez 
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Lemma 8.11. There exists a constant c(p, A) and c(p) such that for all n G N 



^ 9k ® ^fc 

k<n 



J c(p,X) 



i?p®Li(M m ) 
inf 



X¥c *jk c jk 



k<n,\j\<c(p)^ 



+ 



Y A ' d ifc^* 

fe<n,U|<c(p)i2|« 



ZioWs /or all m and sequences G Li(M m ) 
Proof. Note that the lower estimate 



inf 



Y X¥c *jk c J> 



' k<n,\j\<c( P )^ 



+ 



Y A pd#dj* 
fc<n,lil<c( P )|£|5 



< inf 



Y ^ VC )k c 3k 
k<njeZ, 



+ 



Y A ^d jk d*, 

k<n,jeZ 



is obvious. Now, we assume that the right hand side is < 1. In particular, we may find = o 
and dj. = d^ q such that 



(Y c ick)^ 



k=l 



+ 



(Y^dt) 1 * 



k=l 



< 1 . 



This implies 



max{\\(Y x kxt)^l\\(Y x k x kf 2 \\} < 1 + 



Then, we see that for the smallest integer jo > c(p, A) log n we have 



( ^ A *x h x\)* 

k<n,j>jo 



i>io 

Thus for this part we need jo > log n m order to obtain a constant independent of n. If we 
require c(p) = 2max{p,p'}, i.e. c(p, A) = c(p)/log A, we can estimates both tails by a constant 

c(p,\). m 



Corollary 8.12. Let 1 < p < oo, e > and n G N. TTien [-Rn,C n ]i completely embeds into 

n V 

Sf . The constant depends only on p and e. 

Proof. We use the index set I = {l,...,n} x {j G Z : |j| < c(p)(log A) -1 logn} which has 
cardinality m < 2c(j>) "^"^ ■ We may chose A large enough such that 2 m < n £n . Let us note 
that for a finite sequence (nkj) the Li space L\(M{fx)) and Sf are canonically isomorphic by 
sending L> M G L\(N{[i)) to 

and extending this map to a M(p) = M2m-bimodule map. Following Remark l8.3l we shall define 

\~ j/p ■ _i 

^ = xi/p' + x-j/p = + • 
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We recall u kj + X kj = \^ p ' + and 

b l J 2 a kj D l J 2 = (1 - n kj )*ij,~?a kj D tl = \ia kj D^. 
Thus the embedding v op from Remark 18.31 yields 

< P (9k) = £ VA^/p' + A-i/p A^a^ G ST . 



li I <c(p) (log A)- 1 logn 
op 



The cb-norm of this isomorphism v'? and its inverse depend only on A and p. 



At the end of this section, we will describe a completely isomorphic embedding of OH in B(H) 
in terms of the Brown algebra introduced in |Broj . see also |Mc(J| . The algebra U£f is the 
universal algebra spanned by elements (i*ij)ij=i such that every unitary U = (Uij) G M. m (B(H)) 
induces a representation iru : U™ — > B(H) satisfying 

TTu(Uij) = Uij . 

Equivalently U£f is the universal algebra spanned by contractions uij satisfying 

m m 

u* ki u kj = 5ij = £ u ik u* k . 

k=l k=l 

Let us state some elementary facts. Every complete contraction T : S™ — > B(H) admits a 
complete positive extension T : ?7™ c — > B(H). Indeed, consider then matrix v = [T(ey)] G 
M. m (B(H)) which is a contraction. Then, we may define the unitary 



U = ( JL_^ Vl VV * ) G M 2 (M m (B(H))) . 
\ — v 1 — v*v v J 

Let fij be the matrix units in Ma- Then T(a) = fii^u( a )fll defines the completely positive 
extension of T. Let us now show that the map i(eij) = ity is a complete isometry. Let ay G ML. 
be matrices. Then 

\\y~]aij®eij\\M k ® mi nS? > = sup || y~](hj ®T(eij)\\ = sup || V] ay <g> /n£/y/n|| 

' imu<i ^ ' iic/n<i ^ 



5.4) < sup || y^ajj (8) Z/jjH = || £ ay ® «y ||M fc <g> mi n£/£ c < sup ||£ ay <g> T(ey 



ll^ll<i y l|r|U<i 

The last line follows from the fact that a unitary C7 = [C/y] yields a complete contraction 
T"(ey) = Uij. Thus we have equality and i is completely isometric. 

Corollary 8.13. Let 1 < p < oo and e > 0. Let m > n en . Then [C n ,R n ]i embeds completely 
isomorphically {uniformly in n) into U£f using a linear combination of the generators. 

Proof. It is sufficient to note that the map u : S™ — ► U™ given by u(ey) = uy is a complete 
isometry. Then Corollary 18.121 implies the assertion. ■ 

Remark 8.14. Alternatively, we may use the completely isometric embedding u : S™ — > 
M m *M m in the full free product of matrix algebras (amalgamated over 1) given by 

u(eij) = eij * en . 

We refer to |Harj (see also |Pslj ) for this complete isometry. 
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We will now describe an infinite dimensional analogue of the Brown algebra. We fix a sequence 
(/Ufc) and the state <p u = (dken^fit on ®fceNM2. Then we have conditional expectations 

E n : M 2 oo M 2 n , Enix! ® • • •) = x\ <g> ■ ■ ■ <g> x n TT 4>u,Ax k ) . 

J - J -fe>n 

We use the notation £ n = E n <g> id. A sequence y = (y n ) of operators in M2°° (8) -8(^2) is 
called adapted if y n G M2™ ® Bfa). An adapted sequence (y n ) is a martingale if in addition 
£n{ym) = Vn holds for all n < m. We define the set 

J7(/x) = {(tin) C 8(^2) : ("Urn) a martingale of contractions , 

V n :w- lim£ n (u* m u m ) = l = w- \\m£ n {u* m u m )} . 

m m 

We observe that U(/i) is in one-to-one correspondence with the set of unitaries in J\f(n)®B(t.2). 
Indeed, if u € j\f(n)®B(£2) is a unitary, then u n = £ n (u) satisfies the condition listed above. 
Conversely, let (u n ) be a martingale of contractions. Then we may define u as a weak* limit of the 
ii n 's. Since the E^s have finite rank, we find u m = £ m (u). Being a martingale, we obtain from 
this strong and strong* convergence of u m to u. Hence the conditions above imply u*u = 1 = 
uu* . We may now define the Brown algebra as the universal *-algebra generated by coefficients 
(. u ii,...,i n ;ji,...,j n )- To be more precise, let S = U n 2^ 1,,,,ra ^ x 2^ 1 '"' n ^ and q a noncommutative 
polynomial in (g s ) s eS variables. As usual we define 



\q\\zjnc = sup 



l({Un(in > Jn ) ■ (in,jn) € S}) 



B(t2) 



Here i n = (ix,...,i n ) stand for an n-tuple and u n (i n ,j n ) are the matrix coefficients of % 

E?J e iJ ®U n {i n , j n ) Of U n . 

Lemma 8.15. i) U™ c is a direct limit of subalgebras A n generated by the gi lt 

ii) The map 1 : Sf — > A n given by 

L { e h,—;i n ;h,—;jn) = 9ii,—;i n ,jl,—>3n 

is a complete isometry. 

iii) There is a natural inclusion map i n ,n+i '■ A n — > A n+ i such that 



l n,n+l\,yii,....,in;ji, 



(1 - ^n+l)9ii,....,i„,0;h,....,j n ,0 + Mn+l#ii,....,i n ,l;ii,----,in,l 



Proof. The last assertion iii) follows immediately from the martingale property of the (u n )'s. 
Thus by definition of the ^4 ra 's we deduce i n ^ n+ i{A n ) C A n+ \ completely isometrically. Then 
assertion i) follows immediately from the definition of U™° because polynomials with finitely 
many entries are dense. For the proof of ii) we consider a martingale sequence (u&) of con- 
tractions. In particular, the element u n = Ylij e ij® u n(hj) is a contraction. This allows us 
to apply (JH3J). Thus i n : Sf -> A n is a complete contraction. For the converse, we consider 
a^-f £ M.%n and a unitary U € (B(H)). We define the martingale Uk = £k{U) for k < n and 
Uk = u for k > n. By definition of ^4 n we have a homomorphism 7r( Ufc ) : ^4 n — > B(H) given by 
K( Uk ){9h,...,i k ,h,---,3k) = u k(h,-,ik,h,-,jk)- Then we have 



E °?J ^ ^jllMm(B(H)) = II (*d ® ^K))(E a ?nJn ® ^ n jJ\\ < II £ ® ,/,; ; M1 „ „, 

This shows that i~ l is also a complete contraction. 



-1 ; r 
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Lemma 8.16. Li(W(/x)) embeds completely isometrically in U™ c . 

Proof. Li(M{n)) is the direct limit of Sf with respect to the inclusion map i n ,n+i '■ S?" — ► Sf" +1 
is given by 

tn,n+l( e ii,...,i„y'i,...j„) = (1 — / i ra+l) e ii,...,i„,0;ji,...,j n ,0 + A f n+l e ii,...,j„,l;ii,---Jn,l ■ 

According to Lemma 18.151 we deduce that 

V \ e il,..,,in;jl,—,jn) = 9il,— ,i n ;jl,—,jn 

extends to a complete isometry of v : Li(A/"(/x)) — > B™ c . ■ 



Corollary 8.17. Let (jikj)k&8,jeZ be defined as fikj = ^ 1+ ^ — for j > and = 1 — iiiliD — 
for j < 0. Then OH embeds into U™ c using a linear combination of the generators. 

Proof. This follows immediately from Corollary 18.101 more precisely Remark I8.HI and Lemma 
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